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Preface

Mathematical sciences are contributing more and more to advances in life
science research, a trend that will grow in the future.

Realizing that the mathematical sciences can be critical to many areas
of biomedical imaging, we organized a three-day minicourse on mathemati-
cal modelling in biomedical imaging at the Institute Henri Poincaré in Paris
in March 2007. Prominent mathematicians and biomedical researchers were
paired to review the state-of-the-art in the subject area and to share mathe-
matical insights regarding future research directions in this growing discipline.

The speakers gave presentations on hot topics including electromagnetic
brain activity, time-reversal techniques, elasticity imaging, infrared thermal
tomography, acoustic radiation force imaging, electrical impedance and mag-
netic resonance electrical impedance tomographies. Indeed, they contributed
to this volume with original chapters to give a wider audience the benefit of
their talks and their thoughts on the field.

This volume is devoted to providing an exposition of the promising an-
alytical and numerical techniques for solving important biomedical imaging
problems and to piquing interest in some of the most challenging issues. We
hope that it will stimulate much needed progress in the directions that were
described during the course. The biomedical imaging problems addressed in
this volume trigger the investigation of interesting and difficult problems in
various branches of mathematics including partial differential equations, har-
monic analysis, complex analysis, numerical analysis, optimization, image
analysis, and signal theory.

The partial support offered by the ANR project EchoScan (AN-06-
Blan-0089) is acknowledged. We also thank the staff at the Institute
Henri Poincaré.

Paris Habib Ammari
March 2009
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Introduction

Medical imaging modalities such as computerized tomography using X-ray
and magnetic resonance imaging have been well established providing three-
dimensional high-resolution images of anatomical structures inside the human
body. Computer-based mathematical methods have played an essential role
for their image reconstructions. However, since each imaging modality has its
own limitations, there have been much research efforts to expand our ability
to see through the human body in different ways. Lately, biomedical imaging
research has been dealing with new imaging techniques to provide knowledge
of physiologic functions and pathological conditions in addition to structural
information.

Electrical impedance tomography, ultrasound imaging, and electrical and
magnetic source imaging are three of such attempts for functional imaging
and monitoring of physiological events.

The aim of this book is to review the most recent advances in the math-
ematical and numerical modelling of these three emerging modalities. Al-
though they use different physical principles for signal generation and de-
tection, the underlying mathematics are quite similar. We put a specific
emphasis on the mathematical concepts and tools for image reconstruction.
Other promising modalities such as photo-acoustic imaging and fluorescence
microscopy as well as those in nuclear medicine will be discussed in a forth-
coming volume.

FElectrical impedance tomography uses low-frequency electrical current to
probe a body; the method is sensitive to changes in electrical conductivity.
By injecting known amounts of current and measuring the resulting electri-
cal potential field at points on the boundary of the body, it is possible to
invert such data to determine the conductivity or resistivity of the region of
the body probed by the currents. This method can also be used in principle
to image changes in dielectric constant at higher frequencies. However, the
aspect of the method that is most fully developed to date is the imaging of
conductivity. Potential applications of electrical impedance tomography in-
clude determination of cardiac output, monitoring for pulmonary edema, and
screening for breast cancer.

xiii



Xiv Introduction

Electrical source imaging is an emerging technique for reconstructing brain
electrical activity from electrical potentials measured away from the brain.
The concept of electrical source imaging is to improve on electroencephalog-
raphy by determining the locations of sources of current in the body from
measurements of voltages.

Ton currents arising in the neurons of the brain produce magnetic fields
outside the body that can be measured by arrays of superconducting quan-
tum interference device detectors placed near the chest; the recording of
these magnetic fields is known as magnetoencephalography. Magnetic source
imaging is the reconstruction of the current sources in the brain from these
recorded magnetic fields. These fields result from the synchronous activity of
tens or hundreds of thousands of neurons.

Both magnetic source imaging and electrical source imaging seek to deter-
mine the location, orientation, and magnitude of current sources within the
body.

Ultrasound imaging is a noninvasive, easily portable, and relatively inex-
pensive diagnostic modality which finds extensive use in the clinic. The major
clinical applications of ultrasound include many aspects of obstetrics and gy-
necology involving the assessment of fetal health, intra-abdominal imaging of
the liver, kidney, and the detection of compromised blood flow in veins and
arteries.

Operating typically at frequencies between 1 and 10 MHz, ultrasound
imaging produces images via the backscattering of mechanical energy from in-
terfaces between tissues and small structures within tissue. It has high spatial
resolution, particularly at high frequencies, and involves no ionizing radiation.
The weakness of the technique include the relatively poor soft-tissue contrast
and the fact that gas and bone impede the passage of ultrasound waves,
meaning that certain organs can not easily be imaged.

As we said before, in this book not only the basic mathematical princi-
ples of these three emerging modalities are reviewed but also the most recent
developments to improve them are reported. We emphasize the mathemat-
ical concepts and tools for image reconstruction. Our main focuses are, on
one side, on promising anomaly detection techniques in electrical impedance
tomography and in elastic imaging using the method of small-volume expan-
sions and in ultrasound imaging using time-reversal techniques, and on the
other side, on emerging multi-physics or hybrid imaging approaches such as
the magnetic resonance electrical impedance, impediography, and magnetic
resonance elastography.

The book is organized as follows. Chapter 1 is devoted to electrical
impedance tomography and magnetic resonance electrical impedance tomog-
raphy. It focuses on robust reconstructions of conductivity images under
practical environments having various technical limitations of data col-
lection equipments and fundamental limitations originating from its in-
herent ill-posed nature. The mathematical formulation of the magnetic
resonance electrical impedance tomography and multi-frequencies electrical
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impedance tomography are rigorously described. Efficient image reconstruc-
tion algorithms are provided and their limitations are discussed.

Chapter 2 outlines the basic physical principles of time-reversal techniques
and their applications in ultrasound imaging. It gives a good introduction to
this very interesting subject.

Chapter 3 covers the method of small-volume expansions. A remarkable
feature of the method of small-volume expansions is that it allows a sta-
ble and accurate reconstruction of the location and of geometric features of
the anomalies, even for moderately noisy data. Based on this method robust
and efficient algorithms for imaging small thermal conductivity, electromag-
netic, and elastic anomalies are provided. Emerging multi-physics or hybrid
imaging approaches, namely impediography, magneto-acoustic imaging, and
magnetic resonance elastography are also discussed. In these techniques, dif-
ferent physical types of radiation are combined into one tomographic process
to alleviate deficiencies of each separate type of waves, while combining their
strengths. Finally, a mathematical formulation of the concept of time revers-
ing waves is provided and its use in imaging is described.

Chapter 4 deals with electrical and magnetic source imaging reconstruction
methods for focal brain activity. Mathematical formulations and uniqueness
and non-uniqueness results for the inversion source problems are given. The
basic mathematical model is described by the Biot—Savart law of magnetism,
which makes the mathematical difficulties for solving the inverse source
problem very similar to those in magnetic resonance electrical impedance
tomography discussed in Chap. 1.

Chapter 5 considers time-resolved imaging of brain activity. It discusses
optical flow techniques in order to infer on the stability of brain activity.



Chapter 1

Multi-frequency Electrical Impedance
Tomography and Magnetic Resonance
Electrical Impedance Tomography

Jin Keun Seo and Eung Je Woo

1.1 Introduction

Medical imaging modalities such as computerized tomography (CT) using
X-ray and magnetic resonance imaging (MRI) have been well established
providing three-dimensional high-resolution images of anatomical structures
inside the human body and computer-based mathematical methods have
played an essential role for their image reconstructions. However, since each
imaging modality has its own limitations, there have been much research
efforts to expand our ability to see through the human body in different
ways. Lately, biomedical imaging research has been dealing with new imag-
ing techniques to provide knowledge of physiologic functions and pathological
conditions in addition to structural information. Electrical impedance tomog-
raphy (EIT) is one of such attempts for functional imaging and monitoring
of physiological events.

EIT is based on numerous experimental findings that different biological
tissues inside the human body have different electrical properties of conduc-
tivity and permittivity. Viewing the human body as a mixture of distributed
resistors and capacitors, we can evaluate its internal electrical properties
by injecting a sinusoidal current between a pair of surface electrodes and
measuring voltage drops at different positions on the surface. EIT is based
on this bioimpedance measurement technique using multiple surface elec-
trodes as many as 8 to 256. See Figs. 1.1a and 1.2. In EIT, we inject linearly
independent patterns of sinusoidal currents through all or chosen pairs of elec-
trodes and measure induced boundary voltages on all or selected electrodes.

J.K. Seo (=)

Department of Mathematics, Yonsei University, 262 Seongsanno, Seodaemun,
Seoul 120-749, Korea

e-mail: seoj@yonsei.ac.kr

E. Je Woo
College of Electronics and Information, Kyung Hee University, Seoul 130-701, Korea
e-mail: ejwoo@Kkhu.ac.kr

H. Ammari, Mathematical Modeling in Biomedical Imaging I, 1
Lecture Notes in Mathematics 1983, DOI 10.1007/978-3-642-03444-2 1,
(© Springer-Verlag Berlin Heidelberg 2009
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Fig. 1.1 (a) EIT system and (b) TAS system

Fig. 1.2 EIT system at Impedance Imaging Research Center (IIRC) in Korea

The measured boundary current—voltage data set is used to reconstruct
cross-sectional images of the internal conductivity and/or permittivity dis-
tribution. The basic idea of the impedance imaging was introduced by
Henderson and Webster in 1978 [13], and the first clinical application of
a medical EIT system was described by Barber and Brown [7]. Since then,
EIT has received considerable attention and several review papers described
numerous aspects of the EIT technique [8,10, 14,36, 49, 62]. To support the
theoretical basis of the EIT system, mathematical theories such as unique-
ness and stability were developed [2,6, 16,19, 25,29, 38,39, 48,52, 57-59, 61]
since Calderén’s pioneering contribution in 1980 [9)].

Most EIT imaging methods use a forward model of an imaging object with
a presumed conductivity and permittivity distributions. Injecting the same
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currents into the model, boundary voltages are computed to numerically sim-
ulate measured data. Using differences between measured and computed (or
referenced) current-to-voltage data, we produce EIT images through a mis-
fit minimization process. However, the inverse problem in EIT has suffered
from its ill-posed characteristic due to the inherent insensitivity of bound-
ary measurements to any changes of interior conductivity and permittivity
values.

In practice, it is very difficult to construct an accurate forward model of
the imaging object due to technical difficulties in capturing the boundary
shape and electrode positions with a reasonable accuracy and cost. There-
fore, there always exist uncertainties in these geometrical data needed for the
model and this causes systematic errors between measured and computed
voltages without considering mismatch in the true and model conductivity
and permittivity distributions. The ill-posedness of EIT together with these
systematic artifacts related with inaccurate boundary geometry and electrode
positions make it difficult to reconstruct accurate images with a high spatial
resolution in clinical environments. Primarily due to the poor spatial resolu-
tion and accuracy of EIT images, its practical applicability has been limited
in clinical applications. Taking account of these restrictions, it is desirable
for EIT to find clinical applications where its portability and high temporal
resolution to monitor changes in electrical properties are significant merits.

Magnetic resonance electrical impedance tomography (MREIT) was
motivated to deal with the well-known severe ill-posedness of the image
reconstruction problem in EIT. In MREIT, we inject current I (Neumann
data) into an object {2 through a pair of surface electrodes to produce internal
current density J = (J,, Jy, J.) and magnetic flux density B = (B, B, B.)
in (2. The distribution of the induced magnetic flux density B is governed
by the Ampere law J = ul V x B where p is the magnetic permeability of
the free space. Let z be the direction of the main magnetic field of an MRI
scanner. Then, the B, data can be measured by using an MRI scanner as
illustrated in Fig.1.3. MREIT takes advantage of the MRI scanner as a tool
to capture the z-component B, of the induced magnetic flux density in (2.
Conductivity imaging in MREIT is based on the relationship between the
injection current I and the measured B, data which conveys the information
about any local change of the conductivity o via the Biot—Savart law:

dr', r=(z,y,2) €2

r)|(x —x Ou ’
Bz(x,y,z):ﬂo/a()[( oy () = (v =y 55 ()]

A [ [r — /|3
where u is the induced electrical potential due to the injection current. This
supplementary use of the internal B, data enables MREIT to bypass the
ill-posedness problem in EIT.

The technique to measure the internal magnetic flux density B using an
MRI scanner was originally developed for magnetic resonance current den-
sity imaging (MRCDI) in late 1980s [17]. In MRCDI, we have to rotate the
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Imaging Objects Current Source  Pulse Sequence Image Reconstruction
Software

Fig. 1.3 MREIT system at Impedance Imaging Research Center (IIRC) in Korea and its
image reconstruction software

object in three orthogonal directions to obtain all three components of B
since the MRI system can measure only the component of B that is parallel
to the direction of its main magnetic field (usually denoted as the z-direction).
Once we get all three components of B, we can visualize the internal current
density distribution J via the Ampere law J= ul V x B [50,51]. This MR-
CDI provided a strong motivation of MREIT which combines EIT and MRI
techniques [15,30,63,65].

In order for MREIT to be practical, it is obvious that we must be able to
produce images of the internal conductivity distribution without rotating the
object. This means that the z-component B, of B is the only available data.
The first constructive B,-based MREIT algorithm called the harmonic B,
algorithm was proposed by Seo et al. in 2001 [56]. It is based on the following
curl of the Ampere law:

1

AB. = (Vo |, <°133)vu> (1.1)
Ho 00

where (-,-) denotes the inner product and A is the Laplacian. After the
harmonic B,-algorithm, various image reconstruction algorithms based on
the B.-based MREIT model have been developed [41,42,44,45,54, 55]. Re-
cent published numerical simulations and phantom experiments show that
conductivity images with a high spatial resolution are achievable as long as
the measured B, data has an enough signal-to-noise ratio (SNR).

Although imaging techniques in MREIT have been advanced rapidly, rig-
orous mathematical theories of the numerical algorithms such as stability
and convergence have not been supported yet. Theoretical as well as exper-
imental studies in MREIT are essential for the progress of the technique. In
this lecture note, we explains recent results on the convergence behavior and



1 MFEIT and MREIT 5

numerical stability of the harmonic B, algorithm based on a mathematical
model replicating the actual MREIT system [34, 35]. Before clinical appli-
cations of MREIT, it is necessary to study how errors in the raw data are
propagated to the final result of the conductivity imaging. Hence, it is highly
necessary to set up an actual mathematical model for MREIT describing the
accurate relationship among input current, B, data and conductivity distri-
bution. For the real MREIT model, boundary conditions are different from
conventional styles in PDE and great care is required in using non-standard
boundary conditions. The disadvantages of MREIT over EIT may include the
lack of portability, potentially long imaging time and requirement of an ex-
pensive MRI scanner. Hence, EIT still has various advantages over MREIT
although we should not expect EIT to compete with MREIT in terms of
spatial resolution.

Lately, a frequency-difference electrical impedance tomography (fdEIT)
has been proposed to deal with technical difficulties of the conventional static
EIT imaging caused by unknown boundary geometry, uncertainty in electrode
position and other systematic measurement artifacts [21, 33, 43]. Conduc-
tivity (o) and permittivity (e) spectra of numerous biological tissues show
frequency-dependent changes indicating that we can view a complex conduc-
tivity (o +1i¢) distribution inside an imaging object as a function of frequency.
In fdEIT, we inject currents with at least two different frequencies and use
the difference between induced boundary voltages at different frequencies
to eliminate unknown common modelling errors. To test its feasibility, we
consider anomaly detection problems where an explicit representation for-
mula for the potential is available. The formula provides a clear connection
between its Cauchy data and the anomaly [3,29]. As an example of such
an anomaly detection problem, let us consider the breast cancer detection
problem. In this case, the inverse problem is reduced to detect a suspicious
abnormality (instead of imaging) underneath the breast skin from measured
boundary data. Figure 1.1b depicts trans-admittance scanner (TAS) which
is a device for breast cancer diagnosis. Most of anomaly detection methods
used a difference between measured data and reference data in the absence
of anomaly. However, in practice, the reference data is not available and its
computation is not possible since the inhomogeneous complex conductivity of
the background is unknown. To deal with this problem, multi-frequency TAS
system has been proposed where a frequency difference of measured data sets
at a certain moment is used for anomaly detection [43].

This lecture note focuses on robust reconstructions of conductivity images
under practical environments having various technical limitations of data col-
lection equipments and fundamental limitations originating from its inherent
nature. We describe the mathematical formulation of MREIT and multi-
frequency EIT in clinical environments, image reconstruction algorithms,
measurement techniques and examples of images.
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1.2 Electrical Impedance Tomography

1.2.1 Inverse Problem in RC-Circuit

The human body can be viewed as a mixture of distributed resistors and
capacitors and a circuit model containing resistors and capacitors can be used
to explain the one-dimensional EIT problem. Let us begin with considering
a simple RC-circuit. Electrical impedance, denoted by Z, is a measure of
the total opposition of a circuit to a time-varying electrical current flow. It
comprises resistance and reactance taking account of the effects from resistors
and capacitors, respectively.

Consider a linear circuit containing a resistor, capacitor and sinusoidally
time-varying current source connected in series. If the current source in the
circuit is given by I(t) = I cos(wt) where I is the amplitude and w is the
angular frequency, then the resulting voltage V (¢) is also sinusoidal with the
same angular frequency w. The relation between I(t) and V' (¢) is governed by

RI() + é / I(0)dt = V(1) (1.2)

where R is the resistance and C' is the capacitance. The voltage can be ex-
pressed as

I
V(t) := RIj cos(wt) + wOC’ sin(wt) = Vj cos(wt — @)

2
where V) = \/ (RIo)* + ([e,)” is the amplitude and ¢ is the phase angle
such that tan¢ = » 11%0 and 0 < ¢ < g In order to see the interrelation
among the impedance Z := R+ M}C, voltage and current, it is convenient to
express sinusoidally time-varying functions I(t) and V(¢) in terms of time-

independent phasors I and V such as
I(t) = R{Ie™'}  and V(t) = R{Ve™'}
where T = Iy and V = Vye . The phasor V, corresponding to the time

function V'(t), contains the amplitude |V| = Vi and phase arg(V) = ¢. With
the use of phasors I and V', (1.2) can be expressed as

17 -~ . .
T wt — wt
[R+ iwC’} e Ve

or simply
R+ Iy = Voe 9. 1.3
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Fig. 1.4 RC-circuit and current—voltage data

Now, let us consider a very elementary inverse problem in the simple RC-
circuit (Fig.1.4).

Ezample 1.1 (One-dimensional inverse problem of a simple RC-circuit).
Consider the simple RC-circuit and current—voltage data shown below. Find
the electrical impedance Z := R + mlc from the relation between V (¢) and
I(t).

The impedance Z := R+ iwlc can be obtained from the ratio of the phasor
voltage V to the phasor current I:

Hence, R =R{Z} and C = o/, . O
Ezample 1.2 (Non-uniqueness in one-dimensional inverse problem). Con-
sider the circuit containing two resistors R; and Rs and two capacitors C;
and Cy (Fig.1.5). Find Ry, Rs, C1 and Cs from I(t) and V (¢).

From (1.3), we have (Ry + Rp) + ;| (él + clz) = ‘;f Hence, the relation

between V and I determines R = R; + R» and é = 011 + 012 uniquely. On the
other hand, the inverse problem of finding Ry, Ry, C1 and Cs from V (¢) and
I(t) has infinitely many solutions; all positive real numbers Ry, Ry, Cy, Cs
satisfying R = Ry + Ry and }, = 611 + 612 are solutions of the inverse
problem. O

Ezample 1.3 (One-dimensional inverse problem with many uniform Rs and
C's). Consider the circuit containing many uniform resistors and capacitors
shown in Fig. 1.6. Find R and C from I(t) and V(t).
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Fig. 1.5 Circuit containing two resistors and two capacitors
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Fig. 1.6 Circuit containing many uniform resistors and capacitors

Since ™ (R+,),) = ‘;f from (1.3), the ratio "' would be the most

important factor in the reconstruction. Indeed, R = 735}?{‘15} and C' =
~ -1

_,oncoygV

[ wmd{f}] . 0

1.2.2 Governing Equation in EIT

Let the imaging object occupy a three-dimensional region (2 bounded by its
surface 9f2. Assume that the boundary 92 is connected and smooth. We
denote the conductivity by ¢ = o(r,w) and the permittivity by € = €(r,w)
which depend on the position r = (z,y,2) and the angular frequency w.
We assume that the magnetic permeability p of the entire object is pg, the
magnetic permeability of the free space.
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Fig. 1.7 Principles of EIT

To understand the relation among (o,¢), electrical field and magnetic
field, let us review the electromagnetic phenomena that can be explained by
Maxwell’s equations. When we inject current I(t) = I coswt into (2 through
a pair of electrodes & and &, it produces a sinusoidal electric field E(r, )
with the same angular frequency w. Throughout this section, we assume that

2‘” <10°Hz and diam(2) <3 m.
Y

Ezxample 1.4. Asin Fig. 1.7, we attached two electrodes & and & on 9f2. We
inject I(t) = I coswt through & and &; to generate the electrical potential
V(r,t) which is also a sinusoidal function with the same angular frequency w.
Let us derive the governing equation for V(r,t). For the reference potential,
we assume Vg, = 0.

To derive the governing equation for V, we use the time-varying electro-
magnetic phenomena that is based on the following four relations known as
Maxwell’s equations.

Law Time-varying field Time-harmonic field
Faraday’s law VxE= —‘?9? V x E=—iwB
Ampére’s law VXI:I:j—&-%]? VxH=J+iwE
Gauss’s law V-D=p V-D=p

Gauss’s law for magnetism V-B =0 V-B=0

Here, we summarize notations:

o Time-varying fields: E(r,t) := electric field (Vm™'), J(r,t) := current
density (Am~2), D := electric flux density (Cm~2) and B := magnetic
flux density (T). B

e J=1J.+J,, sum of conduction and source currents. Here, J3 = 0 in (2
for EIT.
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o Time-harmonic fields: E(r), J(r), D(r) and B(r) where J(r,t) =
R{I(r)et}, D(r,t) = R{D(r)e™*} and B(r,t) = R{B(r)e™"}.

e p:= electrical charge density per unit volume (Cm™3).

e J=0E, D=¢E, B =pH where p:= magnetic permeability.

e In the free space, pg = 47 x 1077 (Hm™1), ¢g = 8.85 x 1072 Fm~"! and

c= \/:050 =3 x 108ms~!, speed of light.

From the assumption that p = po, 52 < 10° and diam(£2) < 3m, we may
approximate
V x E = powH =~ 0.

Since E is approximately irrotational, it follows from Stokes’s theorem that
we define a complex potential u based on the line integral:

u(rs) —u(ry) = —/ E-dl is approximately path independent
c

ri—ro

where Cy, .y, is a curve lying in 2 with the starting point r; and the ending
point ro. Hence, the complex potential u satisfies

—Vu(r) ~ E(x) in 2.

For the uniqueness of u, we set the reference voltage u|g, = 0.
From V x H=J +iwD = (0 + iwe)E, we have the following relation:

V x H(r) = &a(r,w) —tfiwe(r,w)lE(r) = —Vu.
=v(r,w)

Since V - (V x H) = 0, the complex potential u satisfies
-V -(7Vu)=V-VxH=0 in .

Neglecting the contact impedance at the surface & U &1 C 02, the injec-
tion current I cos(wt) into {2 through the electrodes & and &; provides the
boundary condition for J and D:

o [o,n: Jds = — fSo n-Jds = I cos(wt) where n is the unit outward normal
vector, ds is the surface element and & is the portion of the surface 942
contacting the corresponding electrode.

e J-n=0=D-n ondn\(&EUE).

e Since voltages on electrodes &) and & are constants,

VxJ=0=VxD oné&UE&.

The above boundary condition for the time-varying electric field leads to that
of the time-independent complex potential u:

— Je,n- (YVu)ds = [ n- (yVu) = I (approximation).
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e (YWVu) n=0 ondR\ (& UE&).
e nxVu=0 oné& UE& (neglecting contact impedance).

Hence, the complex potential approximately satisfies the following mixed
boundary value problem:

-V -(7wVu)=0 in 2
I=—Jg Y omds = f&ﬂgﬁd‘s
Y8 =0 ondnR\EUE
Vu x 1’l|51 =0, u‘go =0.

(1.4)

Denoting the real and imaginary parts of the potential u by v, = Ru and
hy, = Su, the boundary value problem (1.4) can be expressed as the following
coupled system:

V- (cVv,) = V- (weVh,) =0 in 2
V- (weVu,) + V- (cVh,) =0 in
Je n- (—oVug(z) + weVhy(z))ds = (—1)71 for j =0,1
J (1.5)
Vo, xnlg =0, vylg, =0
n-(—oVu, +weVh,) =0 on 92\ EUE
n-(—oVh, —weVuy,) =0 on 0f2.

Remark 1.1. The mixed boundary value problem (1.4) is well-posed and has
a unique solution in the Sobolev space H'(§2). It is easy to see the relation
between u and v where v is the solution of the following mixed boundary
value problem:

-V-(vVv)=0 in 2

ngl =0 ondNR\&UE (1.6)

’U|g1 = 1, v‘go = 0.

Due to the edge effect of the electrodes, the Neumann data ¢ = Vu - n|sg
lies on g € H=Y/2(012) \ L?*(992).
Ezample 1.5 (Two-channel EIT). Assume that the conductivity o and the
permittivity e are constants in the subject {2. Let us reconstruct o and e from
the applied I(t) = Iycoswt and the measured V(¢) at &. Throughout this
note, we assume Iy = 1 for simplicity.

Denote ug = yu. Then, ug is the solution of (1.4) with « replaced by 1.
The complex conductivity v can be obtained by

Ou - _
Yo JoIVul? B f&”aﬁ“ ulg,

W2 folVuol [, Vol [, [Vuol?

where u is the complex conjugate of w. It should be noted that without
detailed information of the boundary shape 92 and electrode positions, the
reconstructed v would be a little bit different from the true one.
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Ezxample 1.6. This example comes from a TAS system for breast cancer detec-
tion [4,53]. Let 2 =R3 := {r : z <0} and I' = {(z,y,0) : /22442 < 1}.
Let v be the H'(§2)-solution of the following mixed boundary value problem:

—VZ2u=0 in
dv=0 ondR\I' (1.7)
’U|F:1.

Then g = Vv - n|gy, satisfies the integral equation:

1 / g(@',y') 3 A
1= da'dy’ if /a2 + 12 < 1.
2m Jp \/(3j — )2+ (y—y')?
From this, we can find the formula for v and the behavior of g near the
boundary circle of the disk I" which helps us to design a TAS probe.

1.2.3 FEIT System and Measured Data Set

In EIT, we attach multiple electrodes &y, &1, -« , &, on 2. With these n sur-
face electrodes, we can apply n linearly independent time-harmonic electrical
currents. Assume that we use the n pairs of electrodes (&, &;),j =1,--- ,nto
inject the sinusoidal current I; cos(wt). (In practice, we may use the adjacent
pair of electrodes £; and E;41 to inject current. Only for reader’s convenience,
we fix one electrodes &.) Assume that I; = 1mA, ;* < 500kHz and the hight
of the subject is less than 2m (Fig. 1.8).

Let Vj(r,t) be the corresponding electric potential with Vj|g, = 0 sub-
ject to the injection current I; cos(wt). We measure the resulting electric
potential f;1,(t) = Vj|e, at all electrodes &,k =1,2,--- ,n. Here, we neglect
contact impedances. The inverse problem in EIT is to determine ¢ and €
from the measured data Fy :

fua(t) f11(t) """ fin(t) — I sin(wt)
fa1(t) faolt) -+ - fan(t) — Iysin(wt)

Fo.:= : : : : (1.8)

fnl (t) fn2 () - fnn(t) — Iy sin(wt).
Hence, the inverse problem is to invert the map

(0,€) — ﬁgye(t)

S~ N~
within some admissible class nxn matrix



1 MFEIT and MREIT 13

EIT System
(Current sources
and voltmeters)

Fig. 1.8 (a) EIT system. (b) Surface electrodes £;,7 = 1,---,16 are attached on the
boundary of a simplified rectangular model with a given conductivity distribution o. We
inject current I using the electrodes £ and &y. (c¢) Black and white lines are equipotential
lines and electric field streamlines, respectively. In this case where w = 0, the data set in
(1.8) is time-independent

This requires us to investigate the relationship between (o,¢) and the data
set Fy o in (1.8).

(n+1)-Channel EIT System

Let u; be the complex potential such that V; = R{u;e™*} where V; is the po-
tential in the previous section. From (1.4), the complex potential u; satisfies
the following mixed boundary value problem:

V-(vVu;) =0 in 2

ou ouj
I'= [, 7 on ds:‘fngande
ujle, =0, Vu; xmnlg, =0
704 =0 ondNR\EUE;
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where gﬁ = Vu - n. For the image reconstruction, we use the measured
potential on each electrodes & . For each j, k = 1,--- | n, the measured data is
fi(k) == ujle, (neglecting the contact impedance over &;).

Note that fjx(t) = R{f;(k) e*'}. The inverse problem of EIT is to recon-
struct 7 from the n? data set {f;(k) : j,k=1,2,--- ,n}.

Remark 1.2. We have the reciprocity relation:

The symmetry follows from the identity:

fe(d) = I/Em'ya urds = I/’quJ Vudr = I/anvan ujds = f(k).

n

The reciprocity relation tells that the following matrix of the data set is
symmetric:

fi(1) f1(2) - filn) «— I; current
fa(1) fo(2) <o - fa(n) «— Iy current

F, := : : : : (1.10)
fn(l) fn(2) """ fn(ﬂ) — I, c.urrent

n(n+1 n(n+1)
2 2

Hence, the number of the independent data is ) and the number
is the maximum number of the unknown parameters of v which can be re-
constructed from the above mentioned EIT data set F..

Remark 1.8 (16-channel EIT system at IIRC). Figure 1.9 shows a 16-channel
EIT system at ITRC. We inject 15 linearly independent currents using the
adjacent pair of electrodes & and &4 for j = 1,---,15. Here, u; is the
complex potential due to injection current using & and &,.

Fig. 1.9 A 16-channel EIT system at ITRC
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1.2.4 The Standard Reconstruction Method:
4-Channel EIT System

To understand the data set I, precisely, we consider a 4-channel EIT system
(Fig. 1.10). In this case, we can apply at most three linearly independent
currents.

Problem 1.1 (Reconstruction of v in a 4-channel EIT system). For
a simple numerical simulation, we assume that {2 is a rectangular region. We
assume that w = 0 and 7 = ¢ is real and isotropic. Find a rough structure of
~v = o from the following baby Neumann-to-Dirichlet (NtD) map.

k=1 k=2 k=3
uilg, —2.0285 —1.3025 —1.0962
uzlg, —1.3068 —2.3413 —1.3633
uslg, —1.1053 —1.3724 —2.5987

It should be noticed that, with this limited data set I, having at most
six data, it is impossible to reconstruct v having more than six parameters.
So, we try to find a very rough distribution of . Most of the conventional
reconstruction methods are some variations of the following least square
method:

e For a given v, let the complex potential u;’ be the H!(2)-solution of P;[v]:

V- (7Vu]) = 0in 2

nx Vullg, =0, ullg, =0
P?[,ﬂ : au;'y =0

Y on log\(Euen) =

u] ou

Fig. 1.10 A 4-channel
EIT system
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Fig. 1.11 Examples of complex potentials
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e By solving P;[], we produce the following simulated data u:

u’lylgl u’1}1|52 uflylgs
u’ = uglgl u;l& U;lgs
U’glgl ugl& uglgs

N P

~
computed voltage set with the guessed 7.

Figure 1.11 shows examples of the complex potentials u],u] and uj,

respectively.

This simulated data u” will be compared with the measure data

f1|€1 f1|52 f1|53
f:= | fale, fales foles
f3ler f3les f3les

~ -

~
measured voltage set

where f;|g, is the measured voltage at the electrode & subject to the j-th
current.
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o Computer
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System
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Fig. 1.12 Minimization procedure

o Minimization problem. We try to find v which minimizes the misfit between
simulated and measured data (Fig.1.12):

B) = [l ) = 325 1 - ]l 0()

k=1 j=1 ..
regularization term

Standard Approach for Solving Minimization Problem of &(v)

e The goal is to find a minimizer v for @(v). For a moment, let us assume
that n(v) = 0. Then,

. 2 > ou},
M= |fw—ulle] =D [/an[fj—u}]wands

J,k=1 J,k=1

— Computation of the Frechét derivative of the functional @(v) requires
us to investigate a linear change du := u)*t%Y — 4" due to a small
conductivity perturbation d+.

~ Note that ®(y + §v) ~ &(7) + DD(7)(67) + 3 D>*P(v) (5, 57).

— For simplicity, assume that 6y = 0 near 9f2.

e The relationship between §v and the linear change du can be explained by

V- (6vVu) = =V - (yVéu) in 2

I(du) ‘

on n = O, 5u|50 =0.



18

J.K. Seo and E. Je Woo

The above relation is based on the following linear approximation:
— Linear approximation:
0=V -((y+7)V(u+du))
=V (6vVu)+ V- (yVéu)+ V- (67Vou)
~ ~~ -
negligible term

= V-(0yVu) = -=V-(yViu).

— Note that u + du satisfies

A(u+du)

V- (y+67)V(u+du)=0 in £
Y Noa = 5%loa,  S(u+ du)lg, =0.

Next, we investigate the relation between é+ and 5u;’\gk. For j,k=1,2,3,
we have the following approximation:

/ YVuj - Vujde = oujle, .
7

— Using the identity V - (6vVu;) = =V - (yViu,),

= V- (0yVuy) up = =V - (vVu;) uy
= [o0Vu; - Vup = — [,7Vou; - Vuy,
= Jo07Vuy - Vg = =[50 0u; 7 Gk

— Neumann boundary condition for uy yields

(9uk
— ou, ds = dujlg, .
/89( ug) vy on S ujle,
To get a rough insight for finding the steepest descent direction, consider

/ YVu] - Vuyde = ujle, — fir Jk=1,2,3.
Q
2
— Recall &(v) = Z?’,k:l | firx — u;y|gk]
3
= D(y+dy) —D(y) =2 Zj,k:l (fjlc - u;/‘gk) 5u}|8k~
— As a direction 6y which makes @(v + dv) — @(~) smallest with a given
norm [[0||, we choose §v such that duj e, = u]le, — fir-
— To get 07, use the approximation [, d7Vu] - Vuldr =~ dujle, and
obtain

/Q YVuj - Vuide ~ujle, — fjk
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To compute the derivatives D®(y) more precisely, we define

ujle, fi
Ui(v) = | vle, |+ £5=1| fia |+ @(7)=Z|Uj(7)—fj|2'

ujle, fis
Bu'y
oujle, —Je, v an
— For j=1,2,3,let DU(y)(07) := | dujle, |, e;:= —[e, 7 8n
oulle.
Y |53 ng 7 Bn

~ Note that e; = (1,0,0)7,es = (0,1,0) and e3 = (0,0,1)T where AT
is the transpose of A.

For the computation of D®(v), consider the map DU (v)(dv) : L*(2) —
R3. Then, its adjoint is the map [DU(v)]* : R?* — L?({2) given by

(DU;(7)(67), ex) = /Q 5y [DU;(7)]" (ex)dr.
Integrating by parts yields [DU;()]*:

/ 0y [DU; (7)) (ex)dr = —/ YV Vuy
17 Q

because

(DU;(1)(67). ex) = bu] e, = - /Q 59V V],

Now, we are ready to compute D®(y)(67).

Do) (07) = =2y ([DU;(M](67), (U;(7) — £))

.

((07), [DUj ()] ek) L2(0) (ex, (U;(v) —1£5))

_ < / va%) (ex, (U;(7) — ).

J,k=1

Note that [DU;(7)]*(ex) = Vu; V.
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Fig. 1.13 Iteration [ ]

process

Q3 Q4

1 Q2

e The steepest descent direction 0+ satisfies the relation
/QCWVU;-Y Vulde = ulle, — fix J,k=1,2,3.

= DB() () & ~235 4 (Jo 5vVu] Vi) (ex, (U;(7) ~ ).
— For the steepest descent direction, we choose ¢+ satisfying

(/ (HVu}VuZ) = (er, (U;(v) —£5)), J,k=1,2,3.
Q

e Iteration process for the reconstruction of v (Fig. 1.13).

— Divide 2 into 2 = 20U 2y U U---U 2y.

— Assume 7|, = 1 and + is a constant on each (2,,,m = 1,2,---, L. This
L should be L < 6.

— Write it as a matrix form Ax = b.

le Vui-Vug ... fQN Vi - Vug 571 ulle, — fin
Jo, Vur-Vus [o Vur-Vus | | 5y, uile, — fi2
fQ1 Vuy - Vus f-QN Vuy - Vug . - u1/|53 — fi3
f-Ql Vus - Vus fQN Vus - Vs | udle, — fao
fﬂl Vus - Vus fQN Vus - Vus : ugle, — fo3
f91 Vus-Vus ... f-QL Vus - Vus 67[/ ’U,g|53 — f33

— From the singular value decomposition (SVD), we use only four singular
values, that is, reconstruct an image of L = 4 independent pixels.

— The natural solution would be the least squares solution of dvy =
argmin, ||Az — bl|.
1. Start with the initial guess v = 1.
2. Calculate A and b by solving the direct problem P(7).
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3. Calculate
0y = argmin || Az — bl|.

4. Update v + d7.
5. Repeat the process 2, 3 and 4.

1.2.5 Boundary Geometry Effect and Rough Analysis
of Relation Between Conductivity and Potential

In this section, we investigate how the conductivity ¢ can be perceived from
a potential u due to a low frequency injection current. Since V - (cVu) = 0,
we can write Vu-Vlogo = —Au. Hence, the electrical field E = —Vu probes
the Vu—directional change of log o in such a way that

Vu

1
vl -Vlogo = — Ay in (2.

[Vl

This leads to the following properties:

o If u is convex, log o is decreasing in the direction Vu.
o If u is concave, log o is increasing in the direction Vu.
e If w is harmonic, log o is constant in the direction Vu.

To get some quantitative insight, assume that ¢ is a small perturbation of
a known reference conductivity og. We know that Au dictates the change
of log o along the current flow line for the vector field \v E Under the low

contrast assumption, the direction vector \VZ\ is mostly dictated by the struc-

ture of the boundary geometry 0f2 and the Neumann data g instead of the
distribution of log 7 . Since the Neumann data g is determined by electrode
positions, accurate knowledge of geometry of 92 and electrode positions are
essential for a reliable estimate of the vector field %% which would be close to

[Vl
\¥ZO| where v is the corresponding solution with the conductivity og. Using

the knowledge of the vector field v“"l , we can use a linearization technique
for the reconstruction of log 7
Let u; be the potential due to the j-th current pattern g; in an N-
channel EIT system. Viewing u; as a highly nonlinear function of ¢ and
g;, we seek a best possible solution o within a ceratin admissible class which
fits the following highly nonlinear system in a sense of a sum of squared
errors:
{Vujleogow—Auj in 2 N1

o, Jj=1
o9l loa = g5, ujloe = f;

,
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Roughly, we can define a nonlinear operator ¥ which is a map from the
conductivity to the set of boundary voltages:

ga(r’
(o)(r) = fo9%(r) = / No.on(r,r’) 2(, ) ds reof
o0 :
gn-1(r’)
where N, 5 is the Neumann function and £79 = [fy,---, fx_1]7 is the

corresponding Dirichlet data set. We should note that the Neumann function
depends heavily on the geometry of df2. Under the assumption that o is a
small perturbation of oy, most reconstruction algorithms use a sensitivity
matrix A, 90 at op with the subject boundary 9f2. The matrix expresses
changes of boundary voltages due to changes in conductivity from oy. With
this linearization, we usually seek an approximate solution ¢ minimizing the
misfit functional:

F(U) = HAUL%@Q(O- —00) — [fmeas - foo,GQ]HQ + MIOgU”T‘i (1.11)

regularization

where f,,.qs is the measured voltage data set. Hence, the corresponding re-
construction algorithm requires to compute A, 9o (0 —0p) and £, s and we
need an exact forward model including the accurate boundary geometry and
electrodes positions. We should note that the computed voltage f,, 50 is very
sensitive to 02 and electrodes positions determining g¢;, while it is insensi-
tive to local changes of internal conductivity distribution og. Hence, without
having a reasonably accurate computer model of the boundary geometry and
electrode positions, we should not expect to reconstruct reliable static con-
ductivity images no matter how good the algorithm is. Unfortunately, in
practice, there are serious technical difficulties obtaining these geometrical
data with a reasonable accuracy and cost. Without eliminating these techni-
cal difficulties, any reconstructed image of the static EIT can not be trusted.
Figure 1.14 shows an example of artifacts due to unknown geometry errors.

These technical difficulties in the static EIT could be eliminated in the
time-difference EIT (tdEIT) where we try to produce difference images be-
tween time t = to + 0t and to from ffordt — flo . Taking advantage of
the difference which cancels out common errors, it was demonstrated that
time-difference conductivity images can be successfully produced [10, 37].
Here, note that if the measured data set £, . from a homogeneous phan-
tom is used as a reference Dirichlet data set, we regard such a case as the
time-difference EIT. The Sheffield group described numerous in-vivo three-
dimensional EIT images using the Mk3.5 EIT system [36,37]. Figures 1.15a—¢
are examples of time-difference images showing conductivity changes during
ventilation. Figure 1.15a show eight images at eight different cross-sectional
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Fig. 1.14 Effect of boundary geometry errors in reconstructed image. (a) The true domain
is an ellipse in solid line and the computational domain of the model is a circle in dashed
line. The small disk inside the ellipse is an anomaly. The complex conductivity of the
background is 0.137Sm~! and the anomaly has 0.007 +i2.28 x 10-6 Sm~1 at 100 Hz and
0.025+410.033Sm ™! at 50 kHz. (b) and (c) show the real parts of the reconstructed images
by using the reference boundary voltage data at 100 Hz and 50 kHz, respectively, computed
by using the circular model

planes of a human thorax with both lungs at residual volume. The images are
difference images with respect to a set of reference data at total lung capac-
ity. Figures 1.15b,c are corresponding images at functional residual capacity
and peak tidal volume, respectively. Figure 1.15d shows a two-dimensional
conductivity phantom with 32 electrodes constructed by the RPI group [10].
The phantom is circular with 30 cm diameter and saline-filled. On its inside
surface, there are 32 stainless steel electrodes with the size of 2.54 x 2.54 cm?.
Two lung-shaped structures and a heart-shaped structure made of agar are
immersed in saline. Figure 1.15e is an EIT image of the phantom recon-
structed from a set of boundary data.

Tidswell et al. [60] applied the EIT technique to image functional activity
in the brain. Figure 1.16 shows a time series of EIT images during visual
stimulation. The goggles were used to produce a bright flash which stimu-
lated the infant’s vision. Each column represents averaged images over 4 s at
six slices of the baby’s head. From the EIT images, we can see that visual
stimulation produced conductivity changes at the front and the back of the
head. The conductivity increases over the back of the head corresponding to
the position of the visual cortex probably due to an increased blood volume
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Fig. 1.15 (a)—(c) Three-dimensional in-vivo time-difference EIT images of a human
thorax using the Sheffiel Mk3.5 system. See [37] for details and also http://www.shef.
ac.uk/uni/academic/I-M/mpce/rsch/funimg.html. (d) Two-dimensional conductivity
phantom and (e) reconstructed time-difference conductivity image using the ACT-3
EIT system from the RPI group. See [10] for details and also http://www.rpi.edu/
newelj/eit.html

there. The larger change at the front of the head was interpreted as artifacts
due to blinking or muscle movement during the bright visual stimulus. More
information on the EIT technique and numerous applications can be found
at http://www.eit.org.uk/index.html.

For the time-difference imaging, Griffiths et al. [12] used a modified sensi-
tivity matrix Ago,a  which expresses changes in the logarithm of the Dirichlet
data with respect to changes in the logarithm of the conductivity at og. As



1 MFEIT and MREIT 25

Visual Stimulus

o
56
&8
we
L &4
e

0 4 12 15 20
Tlme{s]
O —
-1 0 +1

Scale

Fig. 1.16 Time series EIT images of a neonatal brain during visual stimulation from the
UCL group. See text for details and also http://madeira.physiol.ucl.ac.uk/midx-group/

n (1.11), in this case, we try to find an approximate solution ¢ minimizing
the following modified misfit functional:

2

~ ~ o ft
F(ot) == HAao,arz (log a;) —log ™| 4 ||logoe|lrv (1.12)

t
fw(L]eas

where log fncas

meao]

This approach would be effective to eliminate electrode spacing errors.

denotes the logarithm of the voltage ratio in each component.

1.2.6 PFrequency-Difference EIT

We may consider a frequency-difference EIT (fdEIT) technique to deal with
the drawbacks of the static EIT caused by modelling errors described in
the previous section [33]. In fdEIT, viewing the complex conductivity distri-
bution inside of an object as a function of the frequency, we apply several

difference frequencies wi,ws, - ,w,, ranging over 0 < ;“;r < ;“2 < ... <
o < 500kHz. For the image reconstruction, we use frequency-difference

voltage at each electrode. We hope that the use of the frequency difference
somehow eliminates the drawback of the conventional single-frequency EIT
method since the difference may cancel out various common errors related
with inaccuracy of background conductivity, unknown boundary geometry,
measurement artifacts and so on.

For a feasibility study of f{dEIT, it is important to understand the sensitiv-
ity of a frequency-difference voltage data to a frequency-dependent change of
a complex conductivity distribution. In order to test its feasibility, it would
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be best to use the simplest model of a 16-channel EIT system with a circular
phantom. We assume that there is an anomaly inside {2 which occupies a
region D and the complex conductivity v = o + iwe changes abruptly across
OD. In order to distinguish between them, we set

_ Jopw) ifre\D
U(r’w)_{aZ(w) ifreD

and
_Jeaw) ifre2\D
e(riw) = {ea(w) ifreD.

Complex conductivities o, +iwe, and op+iwe, are constants at each frequency
w but they are changing with the frequency w. Figures 1.17a,b show measured

a

— 0.5

£ —e— TX151

25 —v— PAA

o 0.4 4| —=— AHG Conductivity of the background
—+— Agar saline in imaging experiments
—=— Saline

0.3 4| —— Cucumber
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—o— Acryl
0.2 4
0.14
0.0 |
1 10 100 1k 10k 100k 1M
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— 0.30 — 0.010
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B 020 || B0 A ET
e | magies g 0008 =
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Fig. 1.17 (a) o and (b) we spectra. (¢) Magnified we spectra of non-biological materials
only
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o and we spectra of seven different materials. Conductivities of non-biological
materials including saline, agar, polyacrylamide (PAA), animal hide gelatin
(AHG) and TX151 can be adjusted by changing the amount of NaCl. Since
there exist significant differences in we spectra between biological and non-
biological materials, we plotted we spectra of non-biological materials only in
Fig.1.17c using a different scale.

In fdEIT, we inject currents at two different frequencies w1, ws and measure
induced boundary voltages f (k) = ul, |e, and f7 (k) = ul,|e, at each
electrode. Here, the corresponding time-harmonic potential u/, satisfies the
following boundary value problem:

V- ((o(r,w) + iwe(r,w))Vui,) =0 in 2 (1.13)
—(o(r,w) +iwe(r,w))Vul, -n=yg; on Of2. ’
Conductivity(e[Sm™1])
Frequency (Hz) TX151 PAA AHG AGAR CUCUMBER BANANA SALINE
100 1.563E—1 1.83E—1 5.80E—2 9.30E—2 4.30E—-2 7.00E—-3 3.60E-—2
10,000 1.51E—-1 1.77E—1 5.80E—2 9.20E—2 1.05E—1 2.50E—-2 3.60E—2
100,000 1.49F—-1 1.77TE—1 5.70E—2 9.10E—2 1.65E—1 4.20E—-2 3.60E-2
250,000 1.49E—-1 1.76E—1 5.50E—2 8.80E—2 3.13E—1 1.15E—-1 3.30E—-2
500,000 1.44F—1 1.70E—1 5.00E—2 8.30E—2 4.05E—1 3.61E—1 3.00E—-2
Permittivity (we[Sm™?])
Frequency (Hz) TX151 PAA AHG AGAR CUCUMBER BANANA SALINE
100 0 0 0 0 1.46 E—6 2.28E—6 O
10,000 5.17TE—4 5.17TE—4 6.26E—4 5.23E—4 7.59E—2 3.32E—2 5.94E—4
100,000 1.19EF—-3 1.19E—-3 1.08E—3 8.47E—4 1.21E-1 6.0TE—2 1.21E-3
250,000 3.18E—3 3.18E—3 3.15E—3 2.65E—3 1.92E—1 1.35E—1 3.96E—-3
500,000 7T.24E—-3 T.24E—4 8.72E—3 8.24FE—-3 221E-1 2.58E—1 8.86E—3

The goal is to provide an image of any frequency-dependent changes of
complex conductivity using measured data fj,l (k) and fiz(k) For the im-
age reconstruction, we try to use a weighted frequency-difference voltage
uik — abuZJl at each electrode.

A careful analysis shows that the weighted frequency-difference data f,,., —
ayp fu, is connected with the anomaly D through the following representation
formula:

Jun () — o fuo, (v) = [} ﬂ‘fr:ﬁl,‘z . [TQVUWZ (r") — 11 Vg, (r’)] dr’, recon
(1.14)
where .
op(wr) + twrep(wr)

ap = .
b op(w2) + iwaep(wa)
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and
- (06(0;) = oa(w;) +iwjlenlws) —€alws)) 5y o

op(w2) + iwaep(wa)
Hence, the real and imaginary parts of f,, — o fu, correspond to those of
19V, — 71 Vi, , respectively.
Observation 1.1. Average directions of Vv, Vva, Vhy, Vhe on D are ap-
proximately parallel or anti-parallel:

/DVvl(r)drx/Dva(r)dr

for 5 =1,2. Under these approximations, real and imaginary parts of (1.14)
can be approximated by

~0 and ~0

/D Vo, (x)dr x /D Vh, (x)dr

éR{fuJQ (r) - abfW1 (r)} ~ Cl(Wl,WQ, g—:7 Z:)‘[D 71"11“:1!://‘2 ° Vvl(r')dr', r E 6,9
S fu, (r) — ap fu, ()} = Co(wr,wa, g:, z:)fD Tr“;j;’,‘z Vo (r)dr', r€on
(1.15)

where Cy and Cs are constants depending on wi,ws, Z‘;, Z:

Now, let us construct an image reconstruction algorithm for an N-channel
EIT system. Assume 7, and 7,, have homogeneous background with the
complex conductivities 41 and 42, respectively, and v, = 41 and v, = 92
near 9{2. Let @],1 = 1,2, be the solutions of (1.13) with v, = o(r,w) +
iwe(r,w) replaced by 4;. In this case,

ap = and Y, — QpYw, = 0 on 062

V2

Writing 6y = apYw, — Y, , the normalized change of the complex conductivity
due to the frequency change from w; to wy is computed from the relation

/Q 59V (“) v (?'5) dr = (f,(k) —onf3, (W) T (1.16)

st 72

for j,k = 1,2,3,---,15. Numerical simulations are conducted on a circular
phantom with 16 electrodes around its circumference. The circular phantom
can be regarded as a unit disk 2 = {(z,y) : 2 + y? < 1} normalizing the
length scale. The phantom was filled with saline and contained one anomaly
occupying the region D = {(z,y) : (v — 0.45)? + y? < 0.25%}.

In fdEIT algorithm, the weighted difference of voltage data at two fre-
quencies is used to reconstruct the frequency-dependent change of complex
conductivity distribution. To show the effect of the weight ay, reconstructed
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Re (ab Ywy—Ywq)

TRUE

[FD-ab]

[FD-1]
wo /27 50kHz 100kHz 250kHz 500 kHz

TRUE

[FD-«,]

nunRmmmun:

i
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Fig. 1.18 Frequency-difference images of a banana object inside a circular saline phantom.
The first and fourth rows are true images of real and imaginary parts of apyw, — Ywy, the
second and fifth rows are the reconstructed images using the weighted difference and the
third and sixzth rows are the reconstructed images without using the weighted difference

images using a weighted difference and a simple difference are compared.
Figure 1.18 shows reconstructed frequency-difference images of a banana ob-
ject using four different high frequencies, ws /27 = 50,100, 250 and 500 kHz
having a fixed low frequency w; /27 = 100 Hz.
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1.3 Trans-Admittance Scanner for Breast
Cancer Detection

1.3.1 Review on Lesion Estimation Using EIT

This section handles the problem of estimating or detecting lesions or anoma-
lies inside an electrically conducting object using boundary measurements of
current—voltage data. We assume that there exists a high contrast between
conductivity or permittivity values of a lesion and the surrounding medium.
Here, the major difficulty basically comes from the followings. First, its recon-
struction map from the current—voltage data to the geometry of an anomaly is
highly nonlinear. Second, the sensitivity of the current—voltage data to the in-
homogeneity due to the anomaly is very low. Therefore, as already discussed
in the previous section on EIT, the cross-sectional conductivity and/or per-
mittivity imaging of the subject may not be able to provide enough spatial
resolution needed to localize the anomaly. Without appropriately managing
this difficulty, any static or absolute EIT image would be suspicious in terms
of its accuracy. This section focuses on the feature extraction of anomalies
inside the object instead of its cross-sectional imaging. We should mention
that the major drawback of this feature detection approach is the requirement
of a homogeneous background and the use of voltage data in the absence of
any anomaly.

In 1999, Kwon et al. [28] looked at the inverse problem in a different way
and developed the idea of the location search method. In 2000, they extended
this idea to lesion detection in EIT [29] and showed that the estimation
of locations and size is a well-posed problem [3,5,27]. Suppose anomalies
D1,---, Dy occupy aregion D = D1U---UDjy inside a background medium
£2. Since the conductivity o changes abruptly across the interface 9D, a
clear contrast exists between the anomalies and the surrounding medium. To
distinguish them, we denote

_ {"0 in 2\U; D, (1.17)
o; in each D;

for j =1,---, M. Along the interface 0D, the tangential component of the

electric field is continuous while the normal component changes abruptly. If
u is the voltage in (1.13), it satisfies the transmission conditions of

o;n(r) - Vu™(r) = ogn(r) - Vu™ (r) for eachr € 9D;,
t

o (1.18)
u®(r) =u"(r) for re 0D

where u"™ := u|p and u*** = u|g p are voltages inside and outside of
D, respectively. The inverse problem is to recover anomalies D from the
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relationship between current g = —oVu - n|pe and boundary voltage ulag.
The goal of this problem is to develop an algorithm for extracting a quantita-
tive core information of D with a few measured data in such a way that the
core information of D is reasonably stable against measurement errors. This
section considers non-iterative anomaly estimation algorithms for searching
location of anomaly and estimating its size.

To provide a feasible representation formula for detecting anomaly, we
begin with considering the simplest case where oo, 01, , 05 are constants.
We assume that the domains {D; }jj‘il are small relative to §2, separated apart
from each other, and away from the boundary. As in Fig. 1.8, we place surface
electrodes &; for j = 1,---, E on the boundary 0f2. Let u be the solution
of the Neumann boundary value problem in (1.13) and f be its boundary
voltage.

In order to extract the information of the collection of anomalies D, it is
desirable to express u in terms of D. In this section, we derive a representation
formula of w involving D [18,27,29]. Let ¢ be the fundamental solution of
the Laplace equation:

1 -1

o(r,r') = _47r\r—r’\ - 47r\/(x—x’)2 +W—vy)?+ (z—z’)Z'

(1.19)

Carefully using the transmission condition in (1.18), we have the following
identities:

u(r) = i <Uj - 1> /Dj Vu(r) - Vo(r,r')dr' + H(r;g, f) forr e £,

00

M
0=>" (Uj - 1) Vu(r) - Vo(r,r')dr’ + H(r;g, f) forr e R\ 0.
D;j

(1.20)

Here, H(r;g, f) is a harmonic function that is computed directly from the
data ¢g and f:

Hrg.f) = / B(r,x') g(x')dSe + / n(r') - Vod(r, ') f (1) dSe
ago a0 o0 (1 21)

for r € R?\ 992. The derivation of the representation formula (1.20) can
be done using the classical layer potential techniques. In order to extract
information of D, we need to find a direct interplay between the unknown D
and known H(r; g, f) from (1.20). Since (1.20) involves the unknown u that
depends on D in a highly nonlinear way, it is desirable to approximate u in
terms of H(r;g, f) and D.
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We express the integral term involving D; in (1.20) as a single layer
potential with the weight ¢;:

(Zg - 1) N V,d(r — 1) Vu(r')dr' = /aDj P(r —1')p;(r')dSy  (1.22)

where ¢;,,j =1,..., M is the normal component of Vu on the interface 9D
multiplied by the constant 7 — 1:

The main advantage of introducing ¢; is that we can represent ¢; as a func-
tion depending only on D; and the known function H. To be precise, ¢; is
the solution of the following integral identity:

oo+ 0;

2o — @(r) —Kp ¢j(r) =n(r) - VH;(r) forre dD; (1.23)
oj —00)

where

* 1 [ —r) )
Kb, e;(r) = A / I — v ©;(r")dSy  forr € OD;,

Hj(r) := H(r;g, f) +Z/ (r — )i (r')dS, for r € R3.
k#j

This enable us to provide the following approximations:

1
u(r) ~ H(r;g, f) + Z \ / Ve®@(r —r') - VH;(r')dr' forr € £,
— Aj Jp;
- =t (1.24)
1
~ —Z Ny / Ve ®(r —1') - VH;(x')dr' forr € R\ £,
=1 D;

ogo+0;
2(0j—00)"
tracting features of D.

where \; = In the next section, we use the above identities for ex-

Location Search Method

The location of an anomaly can be determined by the pattern of a simple
weighted combination of injection current and boundary voltage [29]. We
assume that the object contains a single anomaly D = D; that is small
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compared with the object itself and separated away from the boundary 02.
We also assume that op and o7 are constants. According to (1.24), D and
H(r,g, f) satisfy the following approximate identity:

1 _
Hirig.f) =~ /D Vod(r —1') - VH(; g, f)d', reR3\ 2. (1.25)

The location search algorithm is based on simple aspects of the function
H(r;g, f) outside the domain 2 which can be computed directly from the
data g and f.

For the injection current pattern, we choose g(r) = a- n(r) for some fixed
constant vector a. Now, we are ready to explain the location search method
using only the boundary current-voltage data:

(1) Take two observation regions X1 and Yy contained in R®\ 2 given by

X1 := a line parallel to a,

Y9 := a plane (or a line if n = 2) normal to a.
(2) Find two points P; € X;(i = 1,2) so that

and
min H(r;g,f) ifoj—o0>0
}IP)7 s = rely 1 / J )
(F2i0.0) {maxrexgH(r;g,f) if o5 — 09 <0.

(8) Draw the corresponding plane II1(Py) and the line IIo(Py) given by

I (Py) :=={r;a-(r— P)=0},
II5(Py) :={r; (r — P) is parallel to a}.

(4) Find the intersecting point P of the plane IT;(Py) and the line I2(Py),
then this point P can be viewed as the location of the anomaly D.

In order to provide more insight on the above location search method,
we let ug be the voltage in the absence of the anomaly D. With the same
injection current ¢ = a-n, the voltage ug satisfies Vug|o = a/o¢. If we denote
by fo the boundary voltage of wg, it follows from (1.20) that

0~ H(r;g, fo) forrecR3\ Q. (1.26)

Subtracting (1.26) from (1.25) gives

H(r;g, fo)—H(r;g, ) =~ )\11 /DVr@(r—r')-VH(r’;g,f)dr’ for r € R\ 2.
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Since H(r; g, fo) = 0 for r € R?\ £,
H(r;g, f) ~ ;11 /D Ve ®(r—1')-VH(r'; g, f)dr' forr € R®\ 2. (1.27)

Due to the special injection current g = a-n, VH(r; g, fo) = a/oo. Using the
assumption that the anomaly D is relatively small and situated away from
082, we obtain

VH(r;g,f) =~ VH(r;g, fo)=a/og forr € D.

Hence, (1.27) is reduced to

) 1 (r—r)-a , 3 A
H(r,g,f)~47mo)\l/D I dr forr e R%\ £2. (1.28)

Examining the integrand of (1.28), we can see that the sign of H(-;g, f) is
determined by a, D and the sign of A;. Indeed, the identity (1.28) leads to
the crucial observation that for P, € R™ \ £2 with H(Py;g, f) = 0, the plane
or the line IT;(Py) :={r; a- (r — P;) = 0} divides the domain D.

Total Size Estimation

The total size estimation of anomalies D = Uj]‘/ile also uses the projection
current ¢ = a-n, where a is a unit constant vector. In this section, we assume
that the conductivity values of all anomalies are the same constant o so that
o(r) = op in the background region 2\ Ué\ile and o0 = o7 in the anomalies
Uj]\ile. We may assume {2 contains the origin. Define the scaled domain
2, = {tr : r € 2} for a scaling factor ¢ > 0. Let v, be the solution of the
problem

V- ((coxo\e, +01X2,)Vvy) =0 in 2
oon-Vu, =g on 982, Joove =0

where x7 is the indicator function of the domain 7.
The total size of Uj]‘/ile is very close to the size of the domain (2;, where
to, 0 < tp < 1, is determined uniquely from

/ Vg, gds z/ u g ds. (1.29)
a9 on

Various numerical experiments indicate that the algorithm gives a nearly
exact estimate for arbitrary multiple anomalies [31] even though some re-
strictions on anomalies are necessary in its rigorous proof.

First, we show why ¢ is uniquely determined in the interval (0,1). Let
n(t) :== [5ovigds as a function of ¢ defined in the interval (0,1). If #; < to,
it follows from integration by parts that
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0(tr) — (ts) = / (v — v1,)g ds

a0

= / (Gox e\, + 01X, )|V (v, —ve,)[? dr
(]
+ (o1 — ao)/ Vo, 2 dr,
Qi2\gt1
n(t) — n(t2) = — / (GoXanan, + T1x2, )|V (00 — vy dr
0

+ (o1 —Uo)/ Vo, | dr.
20,\ 2,

These identities give a monotonicity of 7(t):
n(tl) < T}(tg) ifor —0p <0 and n(tl) > 77(t2) if o4 —og > 0.

Since D C {2, a similar monotonicity argument leads to the following
inequalities;

n(0) < / ugds <n(l) if oy —op <0,
o0

n(0) > / ugds >n(1) if oy —og>0.
GYe)

Since 7(t) is continuous, there exists a unique to so that 7(to) = [, ug ds.
Next, we try to provide an explanation on the background idea of the
following size estimation:

volume of {2, ~  total volume of Uj-w:le . (1.30)

We begin with the following identities which can be obtained easily from
integrating by parts;

/ (u—vt)gda:/ aV(u—vt)\zdr+(al—ao)/ V|2 dr
on 2

2

—(0'1—0'0)/ ‘V’Ut|2dl‘,
D

—/ at|V(u—vt)\2dr+(01—oo)/ |Vu|? dr
7

2¢

/GQ(u —v)gdo

—(01—00)/ IVl dr
D
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where o0 = goX\b T I1XD and o; = ToXo\G, T O1X2, - By adding the above
two identities, we obtain

2 [, — v)gdo = (o1 — o) [fD IV (u—v)[2dr + [, [Vool? + [Vul? dr}
— (o1 — ) [fgt IV (u—vp)2dr + [, Vo2 + |Vul? dr}
= 2(01 — 09) [fflt V- Vg dr — fD Vu - Vvtdr] )

According to the choice of t,

Vu -V, dr = / Vu - Vuy, dr.
24, D

The above identity is possible when the volume of (2, is close to the total
volume of D = UM, D;.

Experimental Settings and Results

In order to test the feasibility of the location search and size estimation meth-
ods, Kwon et al. carried out phantom experiments [31]. They used a circular
phantom with 290 mm diameter as a container and it was filled with NaCl
solution of 0.69Sm™! conductivity. Anomalies with different conductivity
values, shapes and sizes were placed inside the phantom. Equally spaced 32
electrodes were attached on the surface of the phantom. Using a 32-channel
EIT system, they applied the algorithms described in the previous section to
the measured boundary current—voltage data to detect anomalies.

In this section, we describe one example of applying the algorithms de-
scribed in the previous section. The circular phantom can be regarded as
a unit disk £ := B1(0,0) by normalizing the length scale. In order to
demonstrate how the location search and size estimation algorithm works,
we place four insulators D = U?lej into the phantom as shown in Fig. 1.19:

D1 = By.1138(0.5172,0.5172), Dy = Bo.arse( — 0.5172,0.5172),
D3 = By.isas(— 0.5172,—0.5172), D4 = By.2445(0.1724, —0.1724).

We inject a projection current ¢ = a - n with a = (0,1) and measure the
boundary voltage f.

For the location search described in Sect. 80, we choose two observation
lines,

Y1 ={(-15,s)[]s e R} and X5 :={(s,—1.5)|s € R}.
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- —0.10

-0.12

Fig. 1.19 Illustration of the location and size estimation process. Four anomalies are all
insulators and the conductivity of the saline is 0.69 Sm™!. Lower-left: configuration of
anomalies. Upper-left: H-plot on X1. Lower-right: H-plot on Yo. Upper-right: estimation
of the center of four anomalies and the total size. See [29,31] for the details

We evaluate the two-dimensional version of H(r; f, g) defined in (1.21) with
@ replaced by &(r) =, log V2 4 y2. In Fig. 1.19, the upper-left plot is the
graph of H(r; f,g) on X1 and the lower-right plot is the graph of H(r; f, g)
on Yy. We find the zero point of H(r; f,g) on X; and the maximum point
of |H(r; f,g)] on X5 denoted by dots in Fig.1.19. The intersecting point
was calculated as P(—0.1620, —0.0980) which is close to the center of mass
Py (—0.1184,—0.0358). For the case of a single anomaly or a cluster of
multiple anomalies, the intersecting point furnishes a meaningful location
information.

For the size estimation, we use (1.29) and (1.30) to compute the total
volume of UL, D; [31]. The estimated total size was 0.4537 compared with
the true total size of 0.4311. In Fig. 1.19, the corresponding disk with the size
of 0.4537 centered at P(—0.1620, —0.0980) is drawn with a solid line. The
relative error of the estimated size was about 5.24%.
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1.3.2 Trans-Admittance Scanner

The trans-admittance scanner (TAS) is a device for detecting anomaly whose
conductivity is significantly different from the conductivity of surrounding
normal tissues. On the surface of a region of interest, we place a scanning
probe with a planar array of electrodes kept at the ground potential. We
apply a sinusoidal voltage Vj sin wt between a distant reference electrode and
the probe to make electrical current travel through the region of interest.
The resulting electric potential at a position r = (z,y,z) and time ¢ can
be expressed as the real part of u(r)e™? where the complex potential u(r)
is governed by the equation V - ((¢ + iwe)Vu(r)) = 0 in the subject. Using
the scanning probe equipped with a planar array of electrodes, we measure a
distribution of exit currents g = (o +iwe) gﬁ which reflects the electrical prop-
erties of tissues under the scan probe. Here, gz is the normal derivative of .

The inverse problem of TAS is to detect a suspicious abnormality in the
region of interest underneath the probe from the measured Neumann data g
which is basically same as the trans-admittance data (Fig. 1.20). In order for
the reconstruction to be practical, we must take account of the followings.
First, since the data g is available only on a small portion instead of the whole
surface of the subject, the reconstruction algorithm should be robust against
any change in the geometry of the domain. Second, since the background
conductivity is usually unknown in practice, it should be robust against some
small perturbation of the complex conductivity distribution inside the region
of the interest and any large change outside the region of interest. Third, the
inhomogeneous complex conductivity of a specific normal breast is unknown
and it is very difficult to calculate the reference Neumann data g* without any
anomaly. Fourth, we must deal with the ill-posedness of this inverse problem
so that the reconstruction method is well-posed.

All of previous anomaly detection methods utilize a difference g — ¢*
which can be viewed as a kind of background subtraction to make the
anomaly apparently visible [4, 53]. However, since it is almost impossible
to have reliable difference data g — ¢g*, any reconstruction algorithm using
the difference is far from practical applicability. In order to deal with this

Fig. 1.20 TAS setup. Voltage is applied between the hand-held electrode and the planar
array of electrodes in the scan probe. Exit currents through the scan probe are measured
to provide trans-admittance data
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problem, we propose a multi-frequency TAS method which uses a frequency
difference of trans-admittance data measured at a certain moment [23,43].
In the multi-frequency TAS, we apply voltage with two different frequen-
cies and measure two sets of corresponding exit currents at the same time.
From a mathematical analysis of the model,the imaginary part of a weighted
frequency-difference trans-admittance map has been found to be proportional
265~ (2—£1)"—(y—£2)*
b0 IDI gl
anomaly, respectively, and x = (x,y, z) is a position vector. Based on this
relation, a novel multi-frequency anomaly estimation algorithm was proposed

to provide both its size |D| and location £ estimates.

where |D| and £ are the size and location of the

Frequency-Difference TAS Model

Let the human body occupy a three-dimensional domain {2 with a smooth
boundary 942. Let I" and - be portions of 92, denoting the probe plane placed
on the breast and the surface of the metallic reference electrode, respectively.
For simplicity, we let z be the axis normal to I" and let the center of I" be the
origin. Hence, the probe region I" can be approximated as a two-dimensional
region I' = {(z,9,0) : \/22 + 42 < L} where L is the radius of the scan probe.
We set the region of interest inside the breast as a half ball 2, = 2N By,
shown in Fig. 1.21 where By, is the ball with the radius L and centered at the
origin. We suppose that there is a cancerous lesion D inside {2;,. Through ~,
we apply a sinusoidal voltage of Vjsinwt with its frequency f = w/27 in a
range of 50 Hz to 500 kHz. Then the corresponding complex potential u,, at
w satisfies the following mixed boundary value problem:

V- ((0 +iwe)Vuy,(r)) =0 in £

Uy(r) =0, zel

uw(r) = V07 rey

(0 +iwe)Vuy(r) -n(r) =0, ze€d2\(["U~)

Fig. 1.21 Simplified model of the breast region with a cancerous lesion D under the
scan probe
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where n is the unit outward normal vector to the boundary 9f2. Denoting
the real and imaginary parts of u,, by v, = Ru,, and h,, = Su,,, respectively,
the mixed boundary value problem can be expressed as the following coupled
system:

V- (0Vuy,) = V- (weVh,)=0 in
V. (weVu,) + V- (0Vh,)=0 in
Vo =0 and h, =0 on I’
v, =Vo and h, =0 on
n-Vo,=0 and n-Vh, =0 on d2\ (I"U~).
The scan probe I' consists of a planar array of electrodes &1,---,&, and
we measure exit current g, through each electrode £;. We can measure the
real and imaginary parts of the Neumann data g, (r) := Rgu(r) + iSg.(r)
where

Rgw =n - (—oVu,(r) + weVh,(r))
Sgw =n - (—oVhy(r) — weVu,(r)).

In the multi-frequency TAS, we apply voltage at two different frequencies
f1=wi/2mand fo = we /2w with 50Hz < f; < f2 <500kHz and measure two
sets of corresponding Neumann data g, and g, through I" at the same time.
Assume that there is a breast tumor D beneath the probe I" so that o + iwe
changes abruptly across 9D. Since both ¢ and € depend on w and r, o (z, w1 ) #
o(r,ws) and e(r,w;) # €(r,ws). To distinguish them, we denote 7(r) :=
ZE:Z?;, K(r) == Zgif;, o(r) = o(r,w1), €(r) := e(r,w1). In the multi-
frequency TAS model, we use a weighted frequency-difference of Neumann

data g,, — ag., instead of a time-difference g, — g} where « is chosen as
= TO'-‘r’LonIiG‘

: o+iwq €
With a careful analysis, the weighted difference g, —ag.,, and the anomaly

has the following approximate relation: for (x,y,0) € I',

S (g2 — ag1) (z,y) = (UC - Wc)

On  Kn€n
265 — (x — &) — (y — &)?

x | D|
dm (= &)2 + (y — &)2 + &7

(1.31)

where § = “27nr (chj_gn)z 90(&1,62),

o onin 2\ D and ¢ — €nin 25, \ D
B o.in D B €. in D.

Figure 1.22 shows an example of the real and imaginary parts of the dif-
ference image g, — @g., on the probe region I'.
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Fig. 1.22 Real and imaginary parts of the difference of trans-admittance data g1 — aga:
(a) R{g1 — agz} and (b) S{g1 — aga}

Hence, the weighted difference ¢., — ag,, provides the location and size
information of anomaly. However, in practice, we do not know the constant «
since the background complex conductivities at each frequency is not avail-
able. Hence, we should determine « using measured data g, and g, only.
It is crucial to observe that «,, can be expressed by

B I Gunds |D| \é\ Jp (@, = Mwy) Vi, - Vg, dr

_ (1.32)
fpgw1d$ |QL‘ ‘QlL| fgnw1|vuw1|2dr

where |D| is the volume of the anomaly D and 7, (r) = o(r,w) + iwe(r,w).

Since the ratio \‘QDLH is small, « is approximated by

o~ frng ds
Jr 9o, ds’

The identity (1.32) is proved in [23].

(1.33)
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TAS Reconstruction Algorithm

Figure 1.21 shows a scan probe with 320 current-sensing electrodes. The
diameter of each electrode is 2mm. Let x? := (27, 7) be the center of the j-
th electrode. The distance between the neighboring centers is around 3 mm.
We denote by F(j) the weighted difference of the exit current at the j-th
electrode:

F(]) = Im(guJQ _aguﬂ)(xj)’ j=1--,N (N: 320)

Using the data F(j),7 = 1,---, N, we try to determine the location £ =
(&1,€2,&3) and the size |D|. For robust detection of an anomaly, we must
take account of the well known inherent ill-posedness and the insensitivity
of the data for a distant anomaly from the probe. Figure 1.23 shows the ex-
perimental data of the imaginary part of the frequency-difference admittance
map, which are noisy. We speculate that a reliable detection range could be
0 < & < 20mm. We also observe that it would not be appropriate to de-
termine ¢ and |D| simultaneously using the standard least square method
minimizing the following misfit functional:

z

M(ID];€) : Z (j: 1D, &) = F(5)|”

where @(j, | D, £) is the right side of (1.31) at x7. The graph of M(j, |D|, &) in
Fig.1.24 explains why the standard gradient descent method does not work
in this misfit functional.

In our detection method, we first determine the transversal position (&1, &2)
which is robust and reliable:

1. Find the index jy of the electrode at which the weighted difference g, —
g, has the maximum value, that is, F'(jo) = sup; F'(j).

2. Take j1,--- ,jg that are indices of the electrodes neighboring to jo.

3. Determine the transversal location (§1,&2) from the formula

Fig. 1.23 Imaginary part of the frequency-difference trans-admittance map, g1 — g2 from
a saline phantom with a cubic anomaly at 5 mm depth
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Fig. 1.24 Graph of the misfit functional M(|D|,&) in terms of the size |D| and the depth
&3 with fixed £ and &3. The minimum occurs at the depth £&3 = 8 mm and the size
|D| = 63mm?®. It is very difficult to robustly determine the minimum point using the
gradient descent method

8 8
(€1,62) = (1 =D A)x + ) nx
k=1 k=1
|F (k)]
a""z%:o |F(Jk)‘
Next, we determine the depth &3 of the anomaly:
1. Choose the set A := {j : 61F(jo) < F(j) < 02F (jo)} where 0 < 61 <
% <0y < 1.
2. For each j € A, compute z; with 0 < z; < 20mm satisfying

where \p = and 0 < a < 1.

2 .2 2_ 2
1 2zj T 1 2zj T;

FO0) (25 +02)"* PO (3 40)°"

where 7; 1= ’xj - (51,§Q)|.
3. Determine the depth &3 by the formula

— 1 N1,
8 S G 2, F6) s

JEA

Finally, we can determine the size |D| from the knowledge of the location £
and the approximate formula.
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1.4 Magnetic Resonance Electrical Impedance
Tomography

Magnetic resonance electrical impedance tomography (MREIT) is a new med-
ical imaging technique combining electrical impedance tomography (EIT)
and magnetic resonance imaging (MRI). Noting that EIT suffers from the
ill-posed nature of the corresponding inverse problem, we introduce MREIT
which utilizes internal information on the induced magnetic field in addition
to the boundary voltage subject to an injection current to produce three-
dimensional images of conductivity and current density distributions. Since
2000, imaging techniques in MREIT have been advanced rapidly and now are
at the stage of in vivo animal experiments. In both EIT and MREIT, we in-
ject currents through electrodes placed on the surface of a subject. While EIT
is limited by the boundary measurements of current-voltage data, MREIT
utilizes the internal magnetic flux density B obtained using an MRI scanner.
This is the main reason why MREIT could eliminate the ill-posedness of EIT.
Though MREIT can produce conductivity images with high spatial resolu-
tion and accuracy, disadvantages of MREIT over EIT may include the lack
of portability, potentially long imaging time and requirement of an expensive
MRI scanner.

In the early MREIT system, all three components of B = (B, By, B.)
have been used and their measurements required mechanical rotations of the
subject within the MRI scanner [20, 30, 32,40, 64]. Assuming the knowledge
of the full components of B, we can directly compute the current density
J = V x B/ug where po is the magnetic permeability of the free space
and biological tissues in the human body. Kwon et al. [30] developed the
J-substitution algorithm that reconstructs high-resolution conductivity im-
ages from the magnitude of J. This J-substitution algorithm has been applied
in experimental studies using saline phantoms to produce conductivity images
of 64 x 64 pixels with a voxel size of 0.6 x 0.6 x 10 mm? using a 0.3-T ex-
perimental MRI scanner [20,32]. In the papers [22,24], we also provided the
corresponding mathematical theory including the uniqueness. However, this
early MREIT method using B = (B, By, B.) as measured data sets has seri-
ous technical difficulties in its clinical applications due to the requirement of
subject rotations within the main magnet of the MRI scanner. Therefore, in
order for MREIT to be practical, we must reconstruct cross-sectional images
of a conductivity distribution o from only B, that can be obtained without
rotating the subject. Looking back on the early day, we thought that the
attempt for B,-based MREIT was hopeless since we didn’t appreciate the
powerful role of AB,.

In 2002, the first constructive B,-based MREIT algorithm called the
harmonic B, algorithm has been proposed by Seo—Yoon-Woo-Kwon [56].
Figure 1.25 shows a schematic diagram of the harmonic B, algorithm and
typical MREIT images of a conductivity phantom including three chunks of
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Reconstructed
Conductivity Images

Measured Magnetic
Flux Density

Current Injections Harmonic Bz Algorithm

Fig. 1.25 Overview of the harmonic B, algorithm

biological tissues having different conductivity values inside a cylindrical con-
tainer. After the harmonic B,-algorithm, various reconstruction algorithms
for the B,-based MREIT model have been developed [41, 42,44, 45,54, 55].
Recent published numerical simulations and phantom experiments show that
conductivity images with high spatial resolution are achievable when the con-
trast of the conductivity is not very high.

In this section, we provide the rationale of pursuing MREIT research that
requires an expensive MRI scanner. Then, recent progress in MREIT provid-
ing conductivity and current density images with high spatial resolution and
accuracy will be presented including mathematical theory, algorithms and
experimental methods. With numerous potential applications in mind, some
future researches in MREIT will be proposed.

1.4.1 Fundamentals in MREIT

In order to image a conductivity distribution inside the subject, we must
inject current (or apply voltage) using a pair of electrodes which generates
the internal current density J, electrical field E and magnetic flux density B.
If we let z be the axis that is parallel to the direction of the main magnetic
field in an MRI scanner, we can measure the z-component of B, that is, B..
In MREIT, we try to express the conductivity distribution ¢ in terms of
B, data. We begin with setting up an exact mathematical model of MREIT
that agrees with a planed medical imaging system. To simplify the model, let
us make several assumptions which should not go astray from the practical
model. Let the subject to be imaged occupy a three-dimensional bounded
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domain 2 C R3 with a smooth connected boundary 92 and each (2, :=
2N {z =2} C R? the slice of 2 cut by the plane {z = z,}, has a smooth
connected boundary. We assume that the conductivity distribution o in 2 is
isotropic. We attach a pair of copper electrodes £ and £~ on 942 in order
to inject current, and let £ U £~ be the portion of the surface 942 where
electrodes are attached. The injection current I produces a current density
J = (Ju, Jy, J») inside (2 satisfying the following problem:

V- J=0 inf
I=—[J nds=[,_J-nds, Jxn=0 onETUE" (1.34)
Jn=0 ondR\ETUE,

where n is the outward unit normal vector on 02 and ds the surface area ele-
ment. The condition of Jxn =0 on £TUE™ comes from the fact that copper
electrodes are almost perfect conductors. Since J is expressed as J = —oVu
where u is the corresponding electrical potential, (1.34) can be converted to

V- (oVu)=0 in {?
I= [y 09" ds=— [, 09"ds, Vuxn=0 onEFrUE (1.35)
ot =0 ondR\ETUE,

where gg = Vu-n. The above nonstandard boundary value problem (1.35) is
well-posed and has a unique solution up to a constant. Let us briefly discuss
the boundary conditions that are essentially related with the size of elec-
trodes. The condition Vu x n|g+ = 0 ensures that each of u|g+ and ulg- is a
constant, since Vu is normal to its level surface. The term +1 = fgi agz ds
means that the total amount of injection current through the electrodes is
I mA. Let us denote g := —Uglﬂag. In practice, it is difficult to specify the
Neumann data g in a point-wise sense because only the total amount of in-
jection current I is known. It should be noticed that the boundary condition
in (1.35) leads |g| = co on €T, singularity along the boundary of electrodes,
and g ¢ L*(002). But, fortunately g € H~'/2(92), which also can be proven
by the standard regularity theory in PDE.

The exact model (1.35) can be converted into the following standard
problem of elliptic equation with mixed boundary conditions. Indeed, it is
easy to see [35] that

I
u 4 in 2 (up to a constant) (1.36)

f35+ Ugﬁ ds

where @ is the solution of the mixed boundary value problem:

V.(oVia)=0 in 0
dler = 1, dlg- =0 (1.37)
—09h =0 on 9N\ (EFUE).
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The presence of an internal current density J in {2 gives rise to a magnetic
flux density B” via the Biot-Savart law:

140 r—r
B/ (r) = 4m/ﬂ.](r’) X \r—r’|3dr/'

Similarly, an external current I along lead wires produces a magnetic flux
density B’. Hence, the total magnetic flux density due to the internal current
density J and external current I is B = BY + B. Using an MRI machine in
which the subject (2 is located, we can measure the z—component B, of B.

We have the following relation between B, and o. From the Ampere law
J= ;OV x B, we have

oV xJ=VxVxB=-VB+VYV. B=-V’B.
=0

On the other hand, we have

VxJ:—Vx[aVu]:—VaxVu—ngVg.
=0

Combining the above two identities lead to the following key identity:

1
V2B, = z-component of Vo x Vu = Vul - Vo (1.38)
Ho N~ o~ 7
directional derivative
where
0-10
L=1|100
000

Observation 1.2. The identity (1.38) means that V2B, holds the informa-
tion of the transversal change of o in the direction VulL, while it is blind to
its orthogonal direction Vu.

This is because the transversal gradient of o can be decomposed as

do 1 —Uy _ 1 Ug
(gﬁi): ug | -Vo { uy]—i- uy | - Vo [u”:]

where § = uZ + u?.
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Observation 1.2 provides a way to reconstruct the conductivity distribution
from B.. Define the Neumann-to-B, map A, : H~/2(002) — H'(£2) by

Ay(g)(r) = MO dr’

(') [(z = 2") 5y (') = (y —y/) G5 ()]
 4rm /Q

v — /|3
where g is the corresponding Neumann data in (1.35).

Observation 1.3. Since B, is blind to the transversal direction of Vu, there
are infinitely many & such that

Aslgl = Aslg]  in 0. (1.39)

In particular, for any increasing function ¢ : [minwu, maxu] — R such that
¢'(minu) = 1 = ¢'(maxu), ¢(minu) = ¢(minu), and ¢p(maxu) = ¢(maxu),
a(r) := ¢f(’7§‘8)) satisfies (1.39).

Note that @(r) = ¢(u(r)) and w have the same equipotential lines and
the same Neumann data. Moreover, V - (¢V4) = 0 with the Neumann data
n-(6Va) = n-(6Va) on the boundary 9f2. The above non-uniqueness follows
form the facts that

do Oo

Ho -1 9z 8 /. Ho 1
Ay (g)(r) = / Toov|dr’ 4+ n- (cLVu)ds
7 Ar o v — 1| gg g’; A Joo |r —1/|
and
do Oo 96 05
ox Oy oxr Oy
Ou Ou | — | Ou Ou
ox Oy ox Oy

Figure 1.26 shows two different conductivities having the same B, data sub-
ject to the same injection current. Observation 1.3 is crucial to understand
why we need at least two linearly independent injection currents.

-0.6
-0.8

-1 -1
-1 -08-0.6-0.4-02 0 0.2 04 06 0.8 1 -1 -08-06-0.4-02 0 0.2 0.4 06 0.8 1

Fig. 1.26 Distribution of (a) o and (b) & := ¢,‘(71(;8)) where ¢ is chosen so that ¢(t) =
t+ 101)# sin(2007t). Here, 2 = (—1,1)x (—1,1), g(r) = 6(r—(0,1))—6(r— (0, —1)), x € 92
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Noise Analysis for B,

The measurement of B, due to an injection current has been studied in [17,
50,51]. This requires an MRI scanner as a tool to capture internal magnetic
flux density images. To extract B,, we my use the spin echo pulse sequence
shown in Fig. 1.27. Using the MRI scanner, we obtain the following complex
k-space data ST after injection of positive and negative currents, It and I—,
respectively, as shown in Fig. 1.27.

S*(m,n) = //OO ]\/[(Ly)ejé(w,y)eij“/Bz(wvy)Tcej(wmAkm+ynAky)dxdy
B (1.40)

where § is any systematic phase artifact, v = 26.75 x 10" rad T~'s™! the
gyromagnetic ratio of hydrogen and T, the current pulse width in seconds.
Taking two-dimensional discrete Fourier transformations, we obtain the fol-
lowing complex signals:

ME(z,y) = M(z,y)e?® @) tivB:(zy)Te (1.41)

where +B, are the induced magnetic flux densities obtained with injection
currents of, It or I~, respectively. Note that |[M™| = |[M~| = M is propor-
tional to the size (volume) of voxels. The induced magnetic flux density B.
is embedded in the following incremental phase change in MR data:

MF(z,y)

v =oms ()

) =B, (1.42)

where we assume that the operator arg(-) includes any necessary phase un-
wrapping [11]. In MREIT, it is essential to maximize this phase change to

90° 180°

RF —/\/\/\
Slice | |
selection — |_|
Phase =
encoding =
Reading 1

" T./2
Positive — 1! <>
current, I* «—> _
Negative Te/2 U
current, I* L1

Fig. 1.27 Spin echo pulse sequence for MREIT
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obtain larger B, signals. Note that by using two current injections of It and
I~ we reject any systematic phase artifact 6 and double the phase change
expressed in (1.42).

Once we obtain ¥, we compute B, as

_V(wy) 1 M (z,y)
B,(x,y) = T, 2T, arg (M‘(x,y)) . (1.43)

The measured M* contain independent and identically distributed com-
plex Gaussian random noise Z%, respectively. That is, measured signals may
be described by

ME + 2% where 2% = 2F iz

and 2,7, 2,7,z and z; are identically distributed Gaussian random variables
with zero mean and a variance of s2. Figure 1.28 shows an example of M~
and Z7. Without loss of generality, we may set the local coordinate of Z~
with its real axis parallel to the direction of M ™. Then, the noise Z~ can
be understood as a vector located at the local origin O, having a random
magnitude and direction. In [51], Scott et al. defined the signal-to-noise ratio

(SNR), 7 in a noisy magnitude image |M™ + Z7| as

_mean((M~+27[) M7 M
 osdWM-+27) sd(Z27) 0 V2s (1.44)

where mean(-) and sd(-) denote the mean and standard deviation, respec-
tively. They derived an expression for the standard deviation in measured B,
data as 1

sd(B) =y 1 (1.45)

o

Fig. 1.28 An example of M~ and Z7. Note the definition of the local axis for Z~
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In [47], we found that it is more convenient to define the SNR, Yy of the
magnitude image as

T+ Z- M M
T, — mean (M~ + Z7|) _ _M (1.46)
sd (M= 4+ Z7]) sd(IM=+2-]) s
We derive an expression for the noise standard deviation in measured B,
using the magnitude image SNR definition in (1.46).
Including noise in (1.43), we now have B, signals proportional to

+
g (ME1E0) = g i)
MorEm M1+ 57) (1.47)
:arg<ﬁt) + arg (1—|— AZ/;) — arg <1+ f/li) .
Assuming that [M*| > |Z#|, we have arg (1 + /\Z/ti) ~ Im (AZ/;) This can

also be understood from Fig. 1.28, since the imaginary part of Z~ perturbs
the argument of M ™. Now, the standard deviation of the argument in (1.47) is

sd {arg (ﬁjigt)] ~ sd [Im (ﬁi) —Im (ﬁi)]
= vasd [ ()] = 2 sdlm(27)]  (148)
= 2 psd(27) = psd(27).

We now estimate the standard deviation of the magnitude image,
IM~™ + Z7|. As shown in Fig.1.28, the real part of the complex Gaus-
sian random noise Z~ mainly perturbs the magnitude of M ™. This can be
seen by setting, without loss of generality, M~ = 1 and Z~ = a + ib with
a,b < 1. Then,

a® 4+ b?

M 427 =14+a)2 +b2=1/1+2a+ a2+ b2=1+a+ ,  Feemlta
Therefore, we have
(M- 12 ) ~sdRe[27]) = L sd(27). (1.49)

V2

Finally, we obtain an expression for the standard deviation in measured
magnetic flux density B, as

1 V2

sd(B,) = T, |M_|sd(Z )= T M

sd (|M™+27). (1.50)

With the definition of SNR, T} from (1.46), we conclude that

1

d(B,) = .
B = ormy

(1.51)
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Two-Dimensional Current Density Imaging in MREIT

In this section, we consider the problem whether we can determine J from
only B,. In general, a single set of B, data is not sufficient for the recon-
struction of J. This means that there are two different current densities J
and J producing the same B,. However, under the assumption that out-
of-plane current density J, is negligible, B, data is enough to determine J
approximately [54].

First, we presents a way of recovering a transversal current density J hav-
ing J, = 0 within a thin slice to be imaged from measured B, data. It must
be noticed that this transversal current J = (J, Jy,0) can not be computed
directly from B,, that is, J, # #10 0yB and J, # _ulo 0. B.. To explain this
more precisely, let (25 be a transversal thin slice of {2, truncated by two xy-
planes. We try to reconstruct the current density within {25. Now we assume
that the conductivity distribution o does not change much in the z-direction.
With an appropriate choice of injection current and electrodes, the resulting
current density J in (25 could be approximately a transversal current, that
is, J, &~ 0 in {2, although it does not hold in the entire subject (2. In this
special case, we can reconstruct J in {2, from only B,.

Let D; denote a cut of the subject {2 by a xy-plane {z = t}. A thin slice {24
to be imaged could be 2, = U_s4<5D; for some small § > 0. Since a human
body is locally cylindrical in its shape, Dy &= Dg for —§ <t < § and therefore
s =~ Do x (=4, 9). If the conductivity of the subject {2 does not change much
in the z-direction, we could produce approximately a transversal internal
current density J, that is, J = (J;, Jy, 0) in the cylindrical chop {25 using long
longitudinal electrodes. Note that J could have non-zero z-components in the
exterior 2\ {25 of the thin chop f2,. The transversal current J = (J,, Jy, 0)
in £2, satisfies the following mixed boundary value problem:

oot g Jy =0 in £
J-v=g on 9Dy x (=4,9) (1.52)
2Jy=0=/,J, on D_sUDs.

Here, D_s5 and Dy indicate the top and bottom surface of the cylinder
(2, respectively. Definitely, the injection current g must be independent of
z-variable along the lateral boundary dDg x (=4, ) of {2,. In order to recon-
struct J, we use the Biot—Savart law:

o [ =y () = (x—a)Jy(x')
B.(r) = 471'/9 S dr' + B;(r), r € {2.

(1.53)
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Here, the magnetic flux density B’ due to the current in external lead wires
can be expressed as

1
B/(r)=""° / Ve ’ < 1(r)dlys

dAn f, Tr—r

where I is the current in the lead wire L in the direction of the lead wire and
dl is a line element. It must be noticed that B, changes along the z-direction
in £2, even if J is independent of z in (2.

We divide B” into two parts, one is the magnetic flux density due to J
in 25 and the other is due to J in 2\ {2;. Then, the B, in (1.53) can be
rewritten as

BZ(I') — _/J“O

to /S (y —y)Je(r) — (x —x’)Jy(r’)dr/ + G(r) +B£(r) (1.54)

v — /|3
for r € (2. Here, G is the z-component of the magnetic flux density due to

Jin 2\ Q:

Mo ¥ —y)Jo(t') = (z = 2)Jy(r')
G(r) := A /Q\QS o — /3 dr’.

Since the lead wire is located outside of {2, it is easy to see that B! is harmonic
in £2,:
V2Bl =0 in 0,
Similarly, G' also satisfies the Laplace equation:
VG =0 in (.
Since V x (—=Jy, Jz,0) = 0 in {2, there is a function w in 2, such that
Vuw(r) = (—Jy, Jz,0), in 2.

Substituting J = Vw into (1.54) yields

B.(r) = —Z; / (r _;/)_.IY;U(IJ)dr' + G(r) + BX(r). (1.55)

Integrating by parts yields

B.(x) = pow(r) - | /(9 . (x _rrl)li,y?)(r/)qﬁ(r’)dSr’ 4 G(r) + Bi(r) (1.56)

for r € (2.
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Since the integral in the right side of the above equality satisfies the
Laplace equation, we obtain

V2B, = uoVw in £2,.

Set H := w — 10 B, . Since H satisfies the Laplace equation in {2, it can be
computed explicitly from its boundary condition. This requires to know the

boundary condition for w. Since %’;’ =0,

0 0
H(.’L’,y,:l:(S) - 1o 6232(

. vy 40), (wy) Do (157

Next, it follows from the boundary condition (1.52) for J that

ow Ow
-, 0 v=J - v= on 0Dg.
( Ay’ Oz ) J 0
The above boundary condition can be understood as the tangential derivative
of w along the curve dDy. Hence, if we write the boundary 9D as v(t),0 <
t < 1, then we compute w|gp in the way that

t
w((t)) —w(v(0)) :/0 gy (@)]dt == ¢((t)).
Hence, H has the following boundary condition:

1
H=¢— B, 1indDyx (=4,0). (1.58)
Ho
Hence, H can be computed by solving the Laplace equation with the bound-
ary condition (1.57) and (1.58). Then, we can compute J as

0 10 0 1 0
Jp=_ H— B, d J,=—_ H B..
dy po Oy o . Ox * o Ox

Next, we explain why a single set of B, data is not sufficient for the recon-
struction of J. This can be done by showing two different current densities J
and J that produce the same B.. Let ¢ be a function such that (0,0,¢)-n =20

F)
on 02 and [ [y, | wynyeqy o drdy = 0 for each ¢. Set

~ = = = ow Ow
J:(me‘]yat]z)::‘]"i_(@xa8y7_90)

where w satisfies the following boundary value problem:

%w 2w _ 0 .

R N (159

(gw,gw,o)-n:o on A0 '
x? dy
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The composition of the added vector field (2%, 9% —¢) is chosen so that

- ox’ dy?
V- (%;’, %Z’,—cp) = 0. Hence, J also satisfies
V-J=0 in, (1.60)
J-n=g ondn. (1.61)

Let B be the magnetic flux density generated by J. Then, its z-component
B, can be expressed as

ow Ow

_ /
oy’ (“)x’o) dr’.

B.(r) = B.(r) — o /Q Vo — ') -

Since (%1;7 —‘3’;’,0) =V x (0,0, w), the divergence theorem leads to

ow _8w
dy’ Ox

Bz(r)—Bz(r):—uo/{m@(r—r’)n~( ,0) ds.

The right side of the above identity is harmonic in {2 and it is zero provided

n- (%’y”, — ‘g’; ,0) = 0 on 0f2. In general, we may choose infinitely many ¢ such

that the corresponding w satisfies n - (%’;, —g’:,O) = 0 on 912. For the case
of a cylindrical domain 2 = {r | \/22 +y2 < 1, |2| < 1}, we may choose

pla,y,2) = (2> = 1) (2 —3y/22 + y2)

so that the corresponding w depends only on /22 + 32 and z. With this ¢,
n- (g’;, — g’: ,0) = 0 on the cylindrical boundary 042, and therefore B, = B,.
This shows that two different J and J may produce the same B,.

1.4.2 Mathematical Framework of MREIT

Based on the Observations 1.2 and 1.3, we set up a mathematical framework
of MREIT. Recall that the relation between the measurable quantity B, and
the unknown o is governed by the Biot—Savart law:

R ML /
B.(r) = “0/ =t o@ILVuE)) v e 0, (1.62)
dr Jo v — /|3
where L = “e g) Here, we must read u as a nonlinear function of o.
0O 00

According to the Observations 1.2 and 1.3, the unique determination of o
requires us to inject at least two linearly independent input currents I; and Is.
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Now, we are ready to explain the exact MREIT model. We sequentially inject
electrical currents I3 and Iy through two pairs of surface electrodes €1i and
Szi, respectively. Let u; and BJ be the potential and magnetic flux density
corresponding to I; with j =1,2.

For the measured data B!, B? corresponding to two input currents I, I
and a given constant a > 0, we try to reconstruct o satisfying the following
conditions for j =1,2:

V-(oVu;)=0 1in 2

du; ou;
I;fw"z;ﬁ ds=—[o10%7, Vu; Xnlg+rye- =0
o2 =0 on 002\ EFUE- (1.63)
Bi(r) =4 [ "ToON Y A, re g
’ul\g; — u1|g2_’ = qa.

The last condition regarding « is necessary for fixing the scaling uncertainty
of o. Without this condition, whenever ¢ and u; satisfy the other four re-
lations in (1.63), so do co and “’ for any positive constant c. Here, we
should avoid measuring the voltage difference between the pair of electrodes
used for current injection since any electrode contact impedance may cause
measurement errors. Therefore, in practice, we usually use the other pair of
electrodes for the voltage measurement.

Uniqueness of MREIT in Two-Dimension

Although B,-based MREIT has made a significant progress last five years,
its uniqueness is still an open problem in three-dimension. In the two-
dimensional case, we have uniqueness using the index theory of critical points
as in [1,52]. Let us state the two-dimensional uniqueness result in [46].

Theorem 1.4. Let £2 be a smooth domain in R? with a connected boundary
and 0,0 € Cl(Q) (Here, the smoothness assumption for the conductivity is only for
simplicity.) Assume we place the electrodes in the order of £, &S, €7, and
counterclockwise. Let g; be the corresponding Neumann data using the pair

EL. If Aslgs] = Aolgs] for j = 1,2, then

Proof. Since A,[g;] = As[g;] for j = 1,2, there exist ¢7,j = 1,2 which satisfy
the following

A¢? =0, V¢! = oVu; — Vi in 0.



1 MFEIT and MREIT 57

Moreover, ¢’ satisfies the zero Neumann boundary condition:

V¢! -v=0Vu; - v—6Viu;-v=g;—g; =0 on 952
Since ¢’ is harmonic with zero Neumann boundary condition, it is just a

constant function in £2. This implies that J7 — J7 = —oVu; + 6Vi,; =
—V¢/ =0, that is, J/ = J7. Since V x Vu; =0,

7 1 1
O:Vx<" “J>:v x (oVu;) +  V x (oVu;)
g g

g

1
= U(—Vlogo— x (oVu;) + V x (6Vu;)).

Hence, we obtain V x (6Vu;) = Vlogo X (¢Vu; ). Similarly, we have V x
(6Vu,) = Vloga x (6Vi ). Since cVu; = Vi in £2,

0=V x (6Vuy) — V x (6Vi)
= Vlogo x (6Vu;) — Vloga x (6Va;)
= Vlogo x (6Vu;) — Vloga x (6Vu,)
= Viog(7) x (6Vu;).
g

This can be rewritten as the following matrix form:
o 0 o
Al e <0> in £2.
7 %a 7 oy o 108 5 0
Since 0 < o < 0o, the above identity can be rewritten as
Our Ouy o log @
or 9 —agy 022 ) (0 .
(afz ai) ( a"’ylo ;’) = (0> in 0. (1.64)
dx Oy o 108 5

Hence, 0 = ¢ provided

% () % (r)

|det Alo]| :=| o2 =0 SV #0, rTeEN
G (r) G2 (x)

We will prove this by deriving a contradiction. Assume that there exists a
point ro € §2 such that

Vul(ro) X VUQ(I‘()) =0.
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Then, there exit a scalar « such that
Vui(rg) = aVus(rg).

Let 7 := u; — aus. Then Vn(rg) = 0 and 7 satisfies the following boundary
value problem:

V-(cVn)=0 in £

77|£14r = ay, n‘ff = —aag and n‘s;us; =0
oVn-n=0 on 8()\5}'U5j_

fgli oVn- nds = %I, fSQi oVn- nds = Fal;

(1.65)

where a; = uj|c+ is a positive constant. Since Vi(rg) = 0, it follows from
maximum princijple that rog is a saddle point. Now, we adopt the method
used in [1,52]. At the point rg, the level curve 7 := {r € 2 : 5(r) =
7(rg)} separates (2 into at least four regions (21, (29, 23, (24, - in the order
of counter clockwise such that

QU5 {re R : n(r)>nlro)} and 2,002 C{re R : n(r) <n(ro)}.

From, the Hopf’s boundary point lemma, there exist P; € 92 N 0§2; such
that

n n n

Uan(Pl) > 0, Uﬁn(Pz) <0, Uan(Pg) > 0,

n
Py) <0.
U@n( +)
Since Py, P>, P53, P, are lying in the order along 042, agz changes its sign at
least twice along 0f2. This is a contradiction. O

Harmonic B, Algorithm

The harmonic B, algorithm [54] is the first realistic image reconstruction
algorithm in B,-based MREIT. It successfully reconstructs conductivity im-
ages with high spatial resolution and accuracy in numerical simulations and
experimental studies. In spite of great performance of the iteration algorithm,
there is little progress on its convergence and stability till now.

To explain the algorithm, we define

1 (x—2"s y—vy) - v(@,y)
L. o(x,y):=oc(r,y,20)+ / ’ o o(x Y, z)dl,
0 ( y) ( Y 0) o 00 |x—x’\2—|—|y—y’|2 ( Yy 0)
(1.66)
where v is the unit outward normal vector to 92,, and §2,, := 2N {z =

20} C R2. For a vector-valued function F' = (Fy, F,) defined on {2, we define
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1 (.%' -z, y— y/) roo 1y
Lok Fz,y) = -F(x' vy, dz'dy’. (1.67
Gro x F(.0) 2mpo /gzo lz —a'|> + |y —y'|? @4/, 20) de'dy. (167)

Let u;[o] be a solution to the direct problem (1.35) corresponding to I;
satisfying

811.1 Bul
Sr Sy 1#£0 in 2 (1.68)
dx 0Oy
and set
Ouq o] _Bul[a]
Alo] := [ 81?;/[0] B ag@]] . (1.69)
oy ox

Now let us state the explicit relation between Vo and BZ, on which the
harmonic B, algorithm is based.

90 1 AB!
o’ =1, gr | = ~ A7 lo { ] forn=0,1,2,.... 1.70
= w1 g o

From the above relation, we have the following implicit representation
formula.

Theorem 1.5. Suppose that |Vo| is compactly supported in 2 and u;lo] for
j=1,2 satisfy (1.68). Then the following identity

V2B!

L.o(z,y) =G+ (A[a]‘1 [Vz Jie.

en  @pee  amn

holds for each z. Moreover, L, : Hi/g(.Qz) — Hi/Z(QZ) is invertible where
HIP(0.) = {ne HY/?(2.) : [,, n=0}.

For the proof, see [35].

Convergence Properties of Harmonic B, Algorithm
in Special Cases

In this section, we carry out a convergence analysis for two simplest cases and
obtain interesting observations. For details, we refer to [56]. Throughout this
section, we only consider a two-dimensional model which is the case where

97 =0 and 8115'2[0] = 0. We assume the followings:

e Target domain is 2 = {(z,y) : —1 <z,y < 1}, a square.

e Inject I; = 2mA using two electrodes & = {(£1,y) : |y| < 1}.
e Inject I, = 2mA using two electrodes £ = {(x, +1) : |z| < 1}.
e Target conductivity o* satisfies 0 < ¢* < 0.
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Recall that, in the iteration algorithm, we construct the sequence {o™} using

6o_n+l 1
1 _ AB

0¥ =1, afnﬂl = qu o™ {ABg] forn=0,1,2,---, (1.72)
dy z

where A™'[o] is the 2 x 2 matrix defined in (1.69). We denote by u} and
the solution of (1.63) with o replaced by ¢™ and o*, respectively.

Observation 1.6. If the target conductivity distribution o* is depending
only on x-variable (or y-variable), then Vol = Vo* in Q. This means that
the contrast of o* is recovered after only one iteration.

Proof. We only consider the case o*(z,y) = o*(z).
It is not so hard to see that the true solutions uj and u3 of (1.63) are

* v 1 *
ul(x7y) :/1 O'*(t) dt ’U’Z(xvy) :il/-i-l

According to (1.70), the corresponding AB! and AB? satisfy
do* 1 17t 1
e A A B Bt (1.73)
0 Ho 1, 0 ABZ
_ Oo”
0 gy
Since 0¥ = 1, we have u{ =2 + 1 and uJ =y + 1 and

=10

and therefore
ABl(z,y) =0,  ABX(z,y)

Therefore, Vo' can be expressed as

oot 1 ABl 0 do*
Oz | — A_lao{ Z]ZA_IUO{ *]:{%].
lagy] w’ T Lag2 | =4 o =

This proves Vo* = Vol.

Observation 1.7. Suppose that o* is a small perturbation of a constant such
that
lo* —=1llciy <e and o*(r)=1 in 2\,

where 1 = {r € 2 : dist(r,002) > 0.1}. For a sufficiently small €, the
sequence {o"} constructed by (1.72) with o,|sn = 1 converges to the true
conductivity o*. Moreover,
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HV(U”-U*)”LOC(Q) :O(En-i-l)7 n:172’... .

Proof. Note that [|[Vo*|| () < € from the assumption, so the true solutions
u} and u3 can be expressed as

ul =z + 1+ ewn, usy =y + 1+ ews,
where w; and wy are solutions of

V- (0*V(ewy)) = =%

wl‘s; =0, 85;,1 |£2+u£2‘ =0 (1.74)
wl‘gr =0
and .
V- (0*V(ews)) = —%"y
w2‘5; =0, Ggf |51+U5f =0 (1.75)

w2‘5; =0.

From the boundary conditions, we have

/ea*|Vw1\2dr:/ g wy dr /60*|Vw2\2 dr:/ g wy dr.
7] o Oz n o 0y
(1.76)

Due to wi|g- = 0, we have Poincaré’s inequality
1

z P 1/p
o] dr) <2 Vg (0T7)

lonllzece) = (fo

for 1 < p < oo. It follows from (1.77), (1.76), and the assumption
||VO'*HL<X>(_Q) <e that

fQ eor* |V [* < ffg lwi| = Efg jl 88119)01 (t,y)dt| dr

S 2€f9 \le\ S 4E||V”LU1HL2(_Q).

Hence, for 0 < e < }, we have

4
[Vwi||z2(0) < L =8 (1.78)

—€
Using (1.78), we can show that

[Vw: || Lo (2,) < Co (1.79)
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where Cy is a constant independent of o* whenever [|o* — 1| c1(g) < 3. For

the sake of clarity, we include the proof of (1.79). For n € C3(£2) with n =1
in 21, we have

[Vw (r)] < [, %‘rl_r,l | A(wyn)|dr’, re . (1.80)

Since —Aw; = V7 V"1 4 %= it follows from the assumption [|o* —1||c1(0) <

e <} and Poincaré’s inequality (1.77) that

lA@)lzoge) < ey (4 +IVwlioe + 2. )

(1.81)
< |nlle2(a) (5IIVwi | Lroy + 16)

for 1 <p < o0.
Application of Young’s inequality to (1.80) and using (1.81) yields

[Vwi][Lio(2,) < 56(nllo2(n)- (1.82)

From (1.80), (1.81) and (1.82), we have

9/10
IV ) < ( / /d) | AGwim)l Lo < Co.
0

This completes the proof of (1.79). Similarly, we have
[Vwz || o< (2,) < Co. (1.83)

Now, we try to find the relation between ABJ and o*. Assume that € is so
small that A~![c*] exists. According to (1.70), the corresponding AB! and
AB? satisfy

-1

oo™ owq Ow1

1 , —1- !
o R P Tl B e | BT
oy po | 1+€%7,  —€%; AB;

Since Vo* =0 in 2\ 2y, we have ABJ =0 in 2\ ;. Moreover, it follows
that

Oo*
() < 2C0€?

1
| = ABZ -
Mo oy

do* 1

s (01) < 2C0€2, AB! +
o o= () < 2C0e Huo p
from direct computation and (1.79), (1.83). Now we proceed the iteration
process as that in the previous section. If ¢° = 1, then o' satisfies

dot -1 1 o™
110, -1 AB

o, _ ’ z | oz, 2

= = | &% | +0(€),

[%‘j] o L, 0} {ABE] [%y )
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which generates from the above estimate and o' = o¢* on 942 that
o' — o*|lcr(n) < 4Coe>. (1.85)
For ¢!, the solution ujl with 7 = 1,2 can be expressed as

up = uj + Ewy,  uy = uh + wy (1.86)

due to (1.85), where each wj satisfies

V- (o'V(Ew)) = -V ((c' - a*)Vu;)

J

with the same boundary condition of w} as (1.74) and (1.75).
Following the same procedure for deriving (1.79) and (1.83), we obtain

IVwy || oo (r) + [[Vwy| oo (y) < C.

Now we are ready to estimate ||V (02 — )| L (g). It follows from (1.72) and
(1.84) that

] - - [35)

If € is so small that Coe(1+ Cpe) < }, it follows from (1.84), (1.79), (1.83)

and the estimates on H Vuw! that

5 1l
L1 1
det Alo'] > o det Alo ]24

in {2 from the direct computation, noticing the expression

dw; _ dw}
A[O’l] = A[g*} + € 8(23; aauﬁ ‘|
oy oz

Hence, by using triangle inequality and the lower bounds of det A[o!], det
Alo*] we have

2
IVo? = Vo™ || Loe(ay) < Ce > [IVu] — V3| () < C, (1.87)
j=1

since [|Vuj — V3| oo (2,) = €[ Vwjl|pee(a,) < Ce?.
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If we continue this process with sufficiently small €, we obtain
Vo™ — Vo™ || Lo (0,) < Ce™t

This completes the proof.

1.4.3 Other Algorithms

After the introduction of the harmonic B, algorithm, there has been an effort
to improve its performance especially in terms of the way we numerically dif-
ferentiate the measured noisy B, data. Based on a novel analysis utilizing the
Helmholtz decomposition, Park et al. [45] suggested the gradient B, decom-
position algorithm. This method seems good, but we recently realized that
the use of the harmonic B, algorithm locally is better in practical situations.
This issue will be explained at the end of this section.

In order to explain the algorithm, let us assume that 2 = D x [-§,0] =
{r = (z,y,2)|(x,y) € D, =6 < z < §} is an electrically conducting subject
where D is a two-dimensional smooth simply connected domain. Let u be
the solution of the Neumann boundary value problem with the Neumann
data g. We parameterize 8D as aD = {(z(t),y(t)) : 0 < ¢ < 1} and define
s(?(xg(tg)vy(t), 2) = Jy 9((@(®), (1), 2)V/ |2/ ()7 + |y (£) 2t for (w,y,2) € ID

The gradient B, decomposition algorithm is based on the following key
identity:

= (35 a0 B+ (5 ) 2

(G2 + (3002

in 0 (1.88)

ag =

where
_ oY oW, oW, _ oy ow. ow, .
Aalu] := dy ox * 0z and Ay lu] = ox * dy o Q
and

B 1 o 1 d(oVu(r')) .,
H—(;H—MOBZ, W(r) = /!25 PR 52 dr'.

Here, ¢ and v are solutions of the following equations:

V2¢p=0 in 2
¢ - g ;0 Bz on 8hQside
06 — _ 108, on df2y

Oz no 0z
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and

V2 =0 in 2

Vi -7=VxW-7 on d2:qge

?;ﬁ =-VxW-e, ondfy
where e, = (0,0,1), 0244 = 0D x (—0,9), 24 is the top and bottom
surfaces of (2, and 7 := (—ny,ng,0) is the tangent vector on the lateral

boundary 0D x (-4, 9).

Since the term u in (1.88) is a highly nonlinear function of o, the identity
(1.88) can be viewed as an implicit reconstruction formula for o. It should
be noticed that we can not identify o with a single g using (1.88). Hence,
we may use an iterative reconstruction scheme with multiple Neumann data
g5, =1,---,N to find 0. Let u7" be the solution of the Neumann BVP with
0 = 0y, and g;. Then, the reconstructed o is the limit of a sequence o, that
is obtained by the following formula:

N . ou'™ . u'™
S |- (% Aulu)) %5+ (Ot Ayfur) %
2 2
N oul™ ou™
Zi_lli(g;)—i_(g;)}

This algorithm using single differentiation of B, looks good in mathematical
point of view and works well in phantom experiments having a homogeneous
background. Noting the noise amplification property of the algorithm, various
other methods were also developed to improve the image quality [26,44,45].
All these methods show good performance in the image reconstruction of
a conductivity distribution with a relatively low contrast. However, if their
conductivity distributions are very inhomogeneous with a large contrast, then
the image quality using these methods is significantly lower than what we
expected from a low-contrast case. We recently realized that, for a robust
algorithm, it is desirable to maximize the influence of B,, while minimizing
the influence of the structure of u;. Our experience show that we should use
the fine structure of B, locally, while we try to use rough structure of u;
instead of using the detailed structure in the algorithm. We will not go into
too much details on this complicated issue in this chapter.

Om+1 —

Anisotropic Conductivity Reconstruction in MREIT
(Unstable Algorithm)

Now, we turn our attention to the anisotropic conductivity image recon-
struction problem. Some biological tissues are known to have anisotropic
conductivity values. The ratio of the anisotropy depends on the type of tis-
sue and the human skeletal muscle, for example, shows an anisotropy of up
to ten between the longitudinal and transversal direction. Hence, clinical ap-
plications of MREIT require us to develop an anisotropic conductivity image
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reconstruction method. Lately, a new algorithm that can handle anisotropic
conductivity distributions has been suggested in [53]. This algorithm requires
at least seven different injection currents, while the previous two algorithms
for the isotropic case require at least two different injection currents. Re-
cently, we realized that this anisotropic algorithm could be unstable without
having additional information. Although this anisotropic algorithm may not
be practically useful, it is worthwhile to explain the algorithm for future
studies.
Let us state the main ingredients for the anisotropic case:

o Biot-Savart law: B.(r) = /2 [, -y )J’(rr r(,ﬁ, 2Ty () g

« V- J=0, V~B—O, J—l}OVxB.

e Jlo,g9] =—0Vulo,g]: {_Jéu.n):g on 0f2.

011 012 013
e 0= | 012 092 023 | is a positive-definite symmetric matrix.

013 023 033

The reconstruction algorithm begins with ' V2B, = 9,J, — 9,.J, to get
Ho

Us=b (1.89)
where ~ _
*6310'11 + 3950'12
— —8y012 + 3950'22
1 VB, —6y0'13 + 0x093
b= u : ; s = 012
0
v2BY —011 + 022
023
L 013 i
and
1 1 1 1 1 1 1 1
Uy, uy Uy Ugy — uyy umy Uy _uyz
U= . . . .
N, N N _ N N , N . N N
Ug uy Uy Ugy — uyy uxy Ugz _uyz

We do not know the true o and therefore the matrix U is unknown. This
requires us to use an iterative procedure to compute s in (1.89). For now,
let us assume that we have computed all seven terms of s. From s, we can
immediately determine o13(r) = s4(r), o15(r) = s7(r) and o23(r) = sg(r). To
determine 011 and o9 from s, we use the relation between s and o:

80'11 o 385 884 8011 - 884
Ox 7 Ox + oy and oy st Ox

(1.90)
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Using the above relation, we can derive the following expression of o11:

oula,b,2) = [o [(—32 + 95 %3;) Jdw(z—a,y— b)} dxdy
—l—sz [(51 - %S;) gyW(:ﬁ —a,y — b)} dxdy (1.91)
+ f[mz gz, y,z) -V Wz —a,y—b)]dly,,

where 2, = {(z,9) : (z,y,2) € 2}, U(z,y) = ;. log /22 +y2 and &11 is 011
restricted at the boundary 0f2,. We can compute 11 on 9f2, by solving the
corresponding singular integral and therefore we obtain the representation of
the internal o1;. Similarly, we can have the representation for the component
092. The last component o33 whose information is missing in (1.89) can be
obtained by using the physical law V -J = 0.

1.4.4 Challenges in MREIT and Open Problems
for Its Achievable Spatial Resolution

In order to apply MREIT to the human subject, one of the important re-
maining problems to be solved is to reduce the amount of injection current
to a level that the human subject can tolerate. The amount of the injection
current corresponds to the L!'-norm of the Neumann data, that is, lgllLro0)-
By limiting it to a low level, the measured MR data such as the z-component
of magnetic flux density B, tend to have a low SNR and get usually de-
graded in their accuracy due to the non-ideal data acquisition system of an
MR scanner.

The major difficulty in dealing with the convergence and the numerical
stability of the MREIT algorithm comes from the inverse matrix A~![o] in
the iteration procedure. Indeed, if the condition number of Afo] is large,
then a small error in the measured data BJ results in a large error in the
reconstructed conductivity. The inverse matrix A~1[o] is affected by the lower
bound of [Vu{| and |[Vug| and the angle between them where uJ is the
solution of

{V-(aVuj):Oin N
—oVuj - nlog = gj, [,nuj = 0.

The area of the parallelogram determined by the vectors Vu{ and Vug de-
pends not only on the electrode configuration (determining Neumann data)
but also on the conductivity distribution that is unknown. Since quality of
the reconstructed conductivity o depends heavily on the area of parallelo-
gram |es - Vuy x Vusg|, we need to define a function estimating its achievable
spatial resolution.
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We begin with defining admissible class of conductivities having “the max-
imal multi-scale anisotropy number” A. Let

l IOgU”TV(Br)
) < AL

Ty :={0€C(2)

B,C r

Note that T} is the set of homogeneous material and the anisotropic conduc-
tivity may be included in 7. The precise meaning of A will be discussed
in future work. In order to estimate an achievable spatial resolution for
MREIT image, we define the MREIT-resolution function having the vari-
ables 20 C 2,\,6 >0 and g1, g2 € H'/?(012) by

n()\7 00757 gl»g?) = Sup{p_l ; (b(p?)\v 00791792) > 5}

where

. . Ig, [Vug x Vug|
o(p; A, 20,91, 92) == inf inf "
o€T\ B,.C{29,r>p \/fB |vu(1;|2 fB ‘vug|2

The quantity n(\, 20,9, g1, g2) is important in MREIT since it is related
with the achievable spatial resolution of a reconstructed MREIT image us-
ing the harmonic B, algorithm. However, the problem of estimating the
(A, £20,9, g1, g2) is wide open.
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Chapter 2
Time Reversing Waves for Biomedical
Applications

Mickael Tanter and Mathias Fink

2.1 Introduction

Time reversal is a concept that always fascinated the majority of scientists.
In fact, this fundamental symmetry of physics, the time reversal invariance,
can be exploited in the domain of wave physics, in acoustics and more recently
in electromagnetism, leading to a huge variety of experiments and instruments
both for fundamental physics and applications. Today, these applications go
from medical imaging and therapy to telecommunications, underwater acous-
tics, seismology or non-destructive testing.

The evolution of electronic components enables today the building of time
reversal mirrors that make a wave live back all the steps of its past life.
These systems exploit the fact that in a majority of cases the propagation
of acoustics waves (sonic or ultrasonic) and electromagnetic waves is a re-
versible process. Whatever the distortions (diffraction, multiple-scattering,
reverberation) suffered in a complex environment by a wave emerging from
a point source, there always exists, at least theoretically, a dual wave able to
travel in the opposite direction all the complex travel paths and finally con-
verges back to the initial source location, exactly as if the movie of the wave
propagation had been played backwards in time. The main interest of a Time
Reversal Mirror (TRM) is to experimentally create this dual wave, thanks to
an array of reversible transducers (able to work both in transmit and receive
modes) driven using A/D and D/A converters and electronic memories. The
TRM is thus able to focus the wave energy through very complex media.
In Ultrasonics, a TRM consists in a 2D surface covered with piezoelectric
transducers that successively play the role of hydrophones and loudspeak-
ers. The ultrasonic wave is emerging from a given source in the medium and
recorded by each of the microphones in electronic memories. Then, in a second
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step (the time reversal step), all memories are read in the reverse direction.
More precisely, the chronology of the signals received by each hydrophone is
reversed. The signals recorded at later times, are read first. All hydrophones
switch synchronously in a transmit mode (loudspeaker) and re-emit the “time
reversed” signals coming from the electronic memories. Thus, new initial con-
ditions for the wave propagation are created, and thanks to reversibility, the
diffracted wave has no other solution than living back step by step its past
life in a reversed way. Of course, this kind of mirror is totally different than a
classical mirror. A time reversal mirror builds the real image of the source at
its location whereas as a classical mirror builds a virtual image of the source.
The great robustness of the time reversal focusing ability has been verified in
many scenarios ranging from ultrasonic propagation (millimetric wavelength)
in the human body over several centimeters, to ultrasonic propagation (met-
ric wavelength) in the sea over several tens of kilometers and finally since
recently the propagation of centimetric electromagnetic waves over several
hundreds of meters [3,9].

2.2 Time Reversal of Acoustic Waves: Basic Principles

Let us consider the propagation of an ultrasonic wave in a heterogeneous and
non-dissipative medium, whose compressibility x(r) and density p(r) vary in
space. By introducing the sound speed ¢(r) = (p(r)s(r))~/2, one can obtain
the wave propagation equation for a given pressure field p(r,t):

1 0%

p2 o2 = (2.1)

V- 1 Vp —
p

One can notice the particular behavior of this wave equation regarding the
time variable t. Indeed, it only contains a second order time derivative op-
erator. This property is the starting point of the time reversal principle.
A straightforward consequence of this property is that if p(r,t) is a solution
of the wave equation, then p(r, —t) is also solution of the problem. This prop-
erty illustrates the invariance of the wave equation during a time reversal
operation, the so called time reversal invariance. However, this property is
only valid in a non-dissipative medium. If wave propagation is affected by dis-
sipation effects, odd order time derivatives appear in the wave equation and
the time reversal invariance is lost. Nevertheless, one should here note that
if the ultrasonic absorption coefficient is sufficiently small in the frequency
bandwidth of the ultrasonic waves used for the experiments, the time rever-
sal invariance remains valid. This beautiful symmetry has been illustrated by
Stokes in the classical case of plane wave reflection and transmission through
a plane interface between two layers of different wave speeds. Consider an
incident plane wave of normalized amplitude 1 propagating from medium 1
to medium 2. It is possible to observe a reflected plane wave with amplitude
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Fig. 2.1 (a) Reflection a
and transmission of a plane

wave at the interface

between two media with T
different sound speed. (b)

Time reversal of case (a)

2 "
RE+TT' =1 RT+TR'=0

C2

R and a transmitted plane wave with amplitude R (Fig.2.1). Starting from
this simple configuration in which the total pressure field p(r,t) consists in
three plane waves, Stokes tried to verify if this experiment could be “time
reversed” or not. He used the fact that a time reversal operation consists in
the inversion of the wave vector direction for the simple case of a plane wave.
Thus, the time reversed field p(r, —t) can be described by a set of three plane
waves: two incident waves of respective amplitude R and T going respectively
from medium 1 to 2 and from medium 2 to 1, followed by a transmitted wave
of amplitude 1 propagating in medium 1 (see Fig.2.1). One can easily verify
that this new theoretical wavefield is also solution of the wave equation. In-
deed, if we define the reflection and transmission coefficients of an incident
wave coming from medium 2, the superposition principle shows that the two
incident waves generate four plane waves, two propagating in medium 1 with
a resulting amplitude R? + T7" and two other plane waves propagating in
medium 2 with a resulting amplitude RT +T R’. An elementary calculation of
the reflection and transmission coefficients R, T, R’, and T’ permits to verify
the following equations:

R?+TT =1, (2.2)
R+ R =0. (2.3)

This example shows that the wave equation can straightforwardly be inter-
preted as the time reversed version of the previous scene.

In fact, these simple arguments can be generalized to any kind of incident
acoustic wave field and any kind of spatial heterogeneities in the medium.
It is important to note here that the two previous relations are only valid
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if the reflected and transmitted plane waves have a real k vector (that is to
say a purely propagative wave). In a more general case, the incident field can
also contain evanescent components. For example, these evanescent waves
can be created by incidences at specific angles or when an ultrasonic beam
is diffracted by a medium whose compressibility x(r) contains very high spa-
tial frequencies corresponding to distances smaller than the wavelength. The
evanescent waves can not easily be time reversed as their direction is un-
defined. The superposition of propagative and evanescent waves results in
a limitation of the time reversal process. Due to the limited bandwidth of
the incident field, a part of the information is lost during the time reversal
process.

2.3 Time Reversal Cavities and Time Reversal Mirrors

Let us come back to an ideal time reversal experiment for waves. The sim-
plest “thought” experiment consists in visualizing a source of waves totally
surrounded by a closed surface covered with piezo-electric transducers. In a
first step, the wave field diffracted by the source is received by each trans-
ducer and stored in memories. In a second step, one imposes on the same
surface the same wave field in its time reversed chronology. The surface, the
so called Time Reversal Cavity (TRC) generates a time reversed wavefield,
dual solution of the previous wave propagation, that converges exactly to-
wards the initial source location whatever the heterogeneities of the medium
(Fig.2.2).

Thus, one builds experimentally what physicists and mathematicians call
the advanced solution of the radiative diffraction problem. This is a dual so-
lution of the “delayed” solution which is the only one observed in usual life.
Indeed, it is known that each time ones tries to predict the diffraction pattern
of a source, the time reversal symmetry of the wave equation gives serious
headaches to physicists. Mathematically, there exist always two possible so-
lutions to this problem: the first one corresponds to a wavefield diffracted
by the source that spreads in space form the initial source location like a
diverging wave that reaches the observation points only after the moment
of initial emission by the source. This solution perfectly suits for physicists
as it verifies the causality principle and it is called the “delayed” solution.
In a homogeneous medium with uniform sound speed c, this solution can be
written as s(t — r/c) where s(t) is a function that depends only of the tem-
poral modulation of the source field and where r is the distance between the
source and the observation point. There exits a second solution that does not
respects causality: the “advanced” solution where the wavefield diffracted by
the source reaches the other regions of the space before the source has been
emitting its wavefield and that can be written as s(t + r/c). Although this
solution seems to be totally nonsense, it is interesting to notice that most
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Fig. 2.2 The concept of a time reversal cavity. (a) Forward step: the surface of a closed
cavity is covered by piezoelectric transducers working both in transmit and receive modes.
A point source emits a wavefield that propagates through the heterogeneities of the
medium. The resulting distorted wavefield is received on each element of the cavity. (b)
Backward or time reversal step: the recorded signals are time reversed and re-emitted
by the elements of the cavity. The time reversed wavefield propagates again through the
heterogeneities of the medium and refocuses precisely on the location of the initial source

renowned scientists like Feynmann and Wheeler have tried to interpret with
some success the theory of electromagnetic radiation by taking into account
both “advanced” and “delayed” solutions of the wave equation.

Of course, in our “thought experiment”, everything is causal and the arrow
of time can not be inverted but we build a solution that resembles the “ad-
vanced” solution: it is a wavefield converging towards the source instead of
diverging from the source like the “delayed” solution does. However, a short
comment is here necessary regarding the building of the “advanced” solution.
The wave re-emitted by the time reversal cavity looks like a convergent wave-
field during a given time, but a wavefield don’t know how to stop (it always
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has a wave propagation speed) and when the converging wavefield reaches
the location of the initial source location, its “collapses” and then continues
its propagation as a diverging wavefield. One can then observe around the
source location the interference between the converging and diverging waves.
This is not anymore exactly the “advanced” wave which is created but this
is the “advanced” wave minus the “delayed” wave (indeed the converging
wave changes its sign after the collapse and then diverges with an opposite
sign). If the wave used in the experiment is monochromatic (narrow band)
and contains an important number of wavelengths, one can demonstrate very
easily that a constructive interference between both waves is created around
the focal point over a distance whose radius is equal to half the wavelength.
This is the diffraction limit. More precisely, for an initial point source emit-
ting a short impulse with a large frequency bandwidth, the time reversed
wavefield focuses back at the source location, but it generates a focal spot
whose dimensions are of the order of half the smallest transmit wavelength.

The process of time reversal focusing acts as an inverse filter of the diffrac-
tion transfer function that describes the wave propagation between the source
location and the points of the surrounding time reversal cavity. We have al-
ready just noticed in the previous paragraph that this inverse filter is not
perfect, as it is not possible to refocus the wave on an infinitely small fo-
cal spot corresponding to the initial point-like source. One can revisit this
diffraction limit using the concept of evanescent waves. Indeed evanescent
waves emitted during the forward step by the source are non-propagative
waves and suffer a very sharp spatial exponential decay. Consequently, these
evanescent waves are not recorded and then time reversed by the elements
of the time reversal cavity. Even if we would be able to record them, these
evanescent waves are not reversible as they would suffer a second time during
backward propagation a spatial exponential decay. Thus, diffraction acts as
a low pass filter for the spatial frequencies conveyed by the wavefield. As the
spatial frequencies corresponding to evanescent waves (>1/)) are lost during
propagation: One reaches the classical wave diffraction limit that forbidden
to the focal spot to become smaller than half the wavelength. One should
notice that in order to be able to generate infinitely small focal spots, much
beyond the diffraction limit, it would be necessary to avoid the divergence of
the wave after the collapse. This can be done if a new source is introduced at
the initial source location, the so-called acoustic sink [11]. This second source
emits the time reversed signal s(—t) of the signal emitted initially during the
forward step. Instead of absorbing the incident wavefield, this acoustic sing
emits, in an active way, at the exact collapse time a new diverging wave which
is the exact opposite of the natural divergent wave. This is this noise cancel-
lation wavefield that creates a perfectly destructive interference between the
two diverging waves and permits to reach focal spots much smaller than the
classical diffraction limit.

In practical situations, a time reversal cavity would be very difficult to
build and the time reversal operation is usually performed in practice over a
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Fig. 2.3 Principle of the time reversal focusing process over a limited aperture

limited aperture of the cavity, known as time reversal mirror (TRM). Its an-
gular aperture gives rise to another low-pass filter for the angular frequencies
that can be transmitted by the array. Its cut-off frequency is more restrictive
that the one due to evanescent waves:

In homogeneous medium, it depends of the angular aperture of the array
and it results in a focal spot whose lateral width is proportional to the
product between the wavelength A and the angular aperture F/D of the
array (Fig.2.3).

In heterogeneous medium, the plane wave decomposition of the wavefield is
no more convenient and it becomes very difficult to predict the behaviour
of the TRM. It strongly depends of the heterogeneities of the medium.
In some given configurations, A. Derode et al. [8] have shown that the
focal spot obtained by time reversal focusing can be much thinner than
in homogeneous medium when a strongly multiple scattering medium is
placed between the MRT and the focal area. In such cases, the time reversal
focusing process takes benefit of the reverberations in the medium in order
to increase the apparent angular aperture of the array.

2.4 Time Reversal Is a Spatial and Temporal Matched
Filter of Wave Propagation

In a heterogeneous medium, the time reversal focusing is extremely robust
and efficient compared to the other classical focusing techniques based on the
application of different time delays on the array aperture. It can be math-
ematically shown that for any kind of transducers configurations, the time
reversal solution is the optimal solution in a non-dissipative when ones tries
to maximizes the energy deposit at focus for a given transmit energy on
the array. Indeed time reversal focusing performs the spatial and temporal
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matched filet of the transfer function between the array elements and the
targeted focal point. The concept of time reversal is strongly linked to the con-
cept of matched filtering in signal processing. This well known principle
describes the fact that the output of a linear system of impulse response
h(t) is maximized when we choose as input the time reversed version of the
impulse response: h(—t). In that case, the output signal of the linear sys-
tem is equal to h(t) ® h(—t). This is an odd function whose maximal value
is reached at ¢ = 0 and is given by the energy of the input signal. Let us
demonstrate that, for a given transmit energy on the transducers array, the
solution obtained using the time reversal process corresponds to the one that
maximizes the energy received at the location of the focal point. What is the
optimal set of impulse signals transmitted by a set of transducers F; located
at r; for a focusing at targeted point-like location rq.

As one can notice in Fig.2.4, the time reversal process is divided into
three steps. During the first step, after emission of a wavefield widely spread
in space by the array, a strongly reflecting scatterer located in ry acts as
an acoustic source by reflecting the incident field. The electric signal s;(t)
received on each element F; of the array is given by

Si(t) = hge(t) ® hi(’/‘o, t), (24)
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Fig. 2.4 The three steps of the time reversal focusing process in heterogeneous medium
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when a strongly scattering point is available at the targeted location. (a) A widely spread
wavefield is transmitted by the array, (b) reflection of the wavefield on the targeted strong
scatterer and recording of the backscattered echoes received on the TRM, (c) time reversal
and re-emission of the signals by the elements of the array
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where h#¢(t) is the acousto-electric impulse response of the transducer that
links during transmission the electric input signal to the normal velocity
obtained at the output of the transducer and that links, during reception, the
acoustic pressure detected by the transducer to the electric signal generated
(it is here postulated that this acousto-electric response is identical both
for transmit and receive). h;(rg,t) is the diffraction impulse response linking
the element E; of the array to the point 7y in the medium. This diffraction
impulse response characterizes the propagation of the medium. One should
note here that it has been assumed that the spatial reciprocity theorem can be
applied to the propagation medium, in other words that the impulse response
between point g and element F; is identical to the one between E; and point
ro. During the second step of the time reversal focusing process, these signals
are stored in memories by all elements of the array. On should here notice
that in a heterogeneous medium, the signals received on each element of the
array can have totally different temporal shapes. During the third step of
the time reversal process, these signals are time-reversed and a new emission
signal is obtained for each transducer:

hie(T = t) @ hi(ro, T — 1), (2.5)

where T is a time constant introduced in order to ensure the causality of
the experiment. These signals are then re-transmitted by the elements of the
array. In order to estimate the total acoustic field received at the focal point
location r( of the TRM, one has first to consider the individual contribution of
each element F; at focus. This wavefield results from the convolution product
between the electric signal h¢(T'—t)®h;(ro, T—t) applied on the element with
the transmit acousto-electric impulse response and the diffraction impulse
response characterizing the propagation towards o during the third step:

h§S(T —t) @ hi(ro, T —t) ® hi(ro, t) ® hi®(t). (2.6)

Equation (2.6) shows that the electric input signal (the time reversed signal)
is the optimal input signal of the linear system defined by the two consecutive
impulse responses h$¢(t) and h;(rg,t). The maximal pressure field is received
at point ¢ at time 7' independently of the position of element E;. The total
pressure field created at point rg by the TRM is obtained by the simultaneous
transmission by all elements of the array of the time reversed signals. Then,
one obtains at point ry the summation of all individual contributions:

D T —1) @ hi(ro, T — ) ® hy(ro, t) @ h(t). (2.7)

7

All individual signals reach their maximal value at the same time ¢t = T" and
interfere constructively. This collective and adaptive matched filtering creates
the maximum signal at point 7o for a fixed energy transmitted by the array.
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On should note here that this result is valid whatever the geometry or
configuration of the array of transducers. For example, an array can have
suffered geometric distortions during its design. The time reversal technique
is an auto-adaptive technique that permits to correct these artifacts. Beyond
that kind of corrections, it should also be noticed that the previous analysis is
only based on the spatial reciprocity theorem. So, for this reason, it is valid for
any kind of heterogeneous medium whatever complex it is. Consequently, even
if the individual contributions can have totally different time profiles, the time
reversal process ensures that their maximum will be reached always at the
same time 7" at point ro. We have here demonstrated that the time reversal
process performs a temporal matched filter of the impulse transfer function
between 1y and the array of transducers. The same kind of demonstration
was also given the spatial domain by Tanter et al. [12] and then generalized
to a spatio-temporal approach [13,14].

2.5 Iterating the Time Reversal Process

One of the advantages of the time reversal technique lies in the fact that it is
very easy to choose the time origin and the duration of the signals to be re-
emitted. This is achieved by defining a temporal window that selects in the
electronic memories the part of the signals that should be time-reversed.
When several scatterers are present in the medium of interest, the time
reversal process does not permit to focus only on one selected scatterer.
Indeed, if the medium contains for example two targets with different re-
flectivity coefficients (Fig.2.5), the time reversal process will produce two
wavefronts refocusing simultaneously on both targets with different ampli-
tudes. The mirror produces the real acoustic image of the two targets at their
exact locations. The wavefront with the highest amplitude focuses on the
target with the highest reflectivity coefficient, whereas at the same time
the wavefront of lower amplitude focuses on the second target with lower
reflectivity coefficient. We assume here that there is no multiple scattering
phenomenons between both scatterers. After the first illumination using time
reversal, the wavefront reflected by the weak target will be even weaker com-
pared to the one reflected by the brightest target. Thus, by iterating the
time reversal process several times, it is possible to select progressively the
brightest target [15]. This iterative process converges and finally produces a
single wavefront focusing only on the main target. Once the beam is definitely
oriented towards the brightest target, the iteration does not modify anymore
the result. One has created a first “invariant” of the time reversal focusing
process. Note that this process will converge only if both targets are resolved,
that is to say if the first target is located outside of the diffraction focal spot
obtained on the second target.



2 Time Reversing Waves for Biomedical Applications 83

[

1» l” 0000000000

uudooooooo

{1

Fig. 2.5 Basic principle of iterative time reversal processing. (a) A first transmit wave
insonicates the two scatterers, (b) the backscattered echoes are recorded on the array,
(c) then re-emitted after time reversal, (d) the new backscattered waves are received and
recorded before a new time reversal iteration. After some iterations, the process converges
towards the emission of a single transmit wavefront focusing only on the brightest target

In a second procedure, one can subtract the wavefront corresponding to
the first invariant from the global set of backscattered echoes. It avoids any
acoustic focusing on the brightest target and a new set of iterations of the
time reversal process permits to select the second brightest target. A second
invariant of the time reversal process is then found. ... All this procedure can
be very easily implemented in hardware as it consists in very simple signal
processing operations (time reversal and subtractions). It permits to detects
very quickly the whole set of targets in a medium and to deduce all the signals
to be emitted on the array in order to focus separately on each target. The
great interest of this approach is that it performs in real time the optimal
corrections of all medium aberrations for different targeted locations [16].
Another approach, the so-called DORT method (Time Reversal Operator
Decomposition) developed by C. Prada was proposed in 1994 to solve the
same problem. Instead of experimentally performing these iterations in the
medium, one can exploit the linearity of the previously described operations
in order to achieve the complete processing in software. In a first step, one
can measure all the impulse responses between each element of the array.
If the array is made of N transmit/receive transducers, one has to measure
N? impulse response signals. In a second step, the DORT method consists in
simulating the time reversal operation and the estimation of the time reversal
problem invariants by calculating the eigenvectors of a matrix that can be
deduced from the set of the N2 impulse responses [17]. Based on all these
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different concepts, it is possible to develop new approaches for target detec-
tion and even in some cases for target destruction. For medical applications,
the iterative time reversal method is much more rapid and has been evalu-
ated for breast microcalcifications detection or for kidney stones destruction
(lithotripsy). Devices based on that concept permits a real time auto-tracking
and auto-focusing on the kidney stone for precise destruction with very high
amplitude ultrasonic focused beams (100 MPa) even in the presence of strong
motion artifacts due to the breathing of the patient. For target characteriza-
tion and imaging, the DORT method is more appropriate and it is currently
subject of intensive research in underwater acoustics, non-destructive testing
of materials and electromagnetism. For example, the study of the frequency
spectrum of a complex target gives important information on the target in
acoustics and electromagnetism.

2.6 Applications of Time Reversal

Thanks to its ability to learn in a very short time how to focus adaptively
through very complex media, time reversal was successfully applied in the do-
main of medical ultrasound both for imaging and therapy [3,10]. It permits
for example to correct the distortions induced during ultrasound therapy of
brain tumors on the focused beam by the skull bone heterogeneities. It also
gives an elegant solution to the problem of real time tracking and destruc-
tion of kidney stones using very high amplitude pressure fields (lithotripsy).
It is also able to detect breast microcalcifications with a much better preci-
sion than conventional echographic imaging. Finally, the application of time
reversal processing to reverberating cavities enables extreme increasing of
pressure amplitude generated at focus for remote tissue destruction (his-
totripsy) thanks to a great temporal compression effect of the time reversed
propagation through the reverberating medium.

2.6.1 Real Time Tracking and Destruction of Kidney
Stones Using Time Reversal

Extracorporal ultrasonic lithotripsy appeared in 1980 and permits today to
treat the majority of kidney stones. However, although the kidney stones can
be localized precisely by CT-scans, the current systems are not able to follow
in real time the tissues displacements induced by the patient breathing. As
an immediate consequence, it is estimated that more than two-third of the
ultrasonic shots fail to focus on the target and create damages in surrounding
tissues (such as local haemorrhages).
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Correction of Respiratory Motion Using Time Reversal

The real time adaptive focusing ability of time reversal makes it a particu-
larly well suited approach for this problem. Indeed, the destruction of kidney
stones is usually done using an ultrasonic focused beam generated by a single
spherical shaped transducer and focused always at the same geometrical focus
location. The Laboratoire Ondes et Acoustique of ESPCI (Paris, France) has
developed a time reversal mirror that is able to follow in real time the organ
motion and move electronically the focal spot in order to enforce the beam
to remain locked on the target [7]. The kidney stone is used as a passive
acoustic source, on which the time reversal mirror learns how to auto-focus
(cf. Sects. 2.2 and 2.5).

The basic principle is presented in Fig. 2.6. The high power array of trans-
ducers transmits a first wave that is spreading in the whole region of interest
(a). Due to its high reflectivity coefficient compared to surrounding tissues,
the backscattered echoes coming back from the medium are mainly due to the
kidney stone (b). The backscattered signals are time reversed and re-emitted
by the array of transducers. The ultrasound beam then refocuses on the kid-
ney stones even if aberrating layers (like fat layers) are present in the medium
(c). Due to the very high sound speed in human tissues (¢ = 1,500ms™1),
this operation can be repeated more than 100 times per second. Tissues
displacements due to respiratory motion have much larger time constants.
So, the medium has not time enough to move between two time reversal
iterations. This ensures that the therapeutic beam remains locked on the
target whatever the unwanted motion artifacts.

As one can notice in Fig.2.7, after some iterations of the time reversal
process, the echoes coming back from tissues have been cancelled and the
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Fig. 2.6 Application to lithotripsy: Real time tracking and auto-focusing on a kidney
stone using time reversal
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Fig. 2.7 Ultrasonic echoes received on the transducer array after (a) one and (c) three

iterations of the time reversal process. Spatial beam profile in the focal plane during the
first (b) and third (d) iteration

signature of the kidney stone is highlighted. The focusing beam quality has
been greatly improved and the process ensures that the beam remains locked
on the target. A first prototype made of 64 electronic channels was developed
by the Laboratoire Ondes et Acoustique in Paris during the last decade. Many
in vitro experiments were performed on kidney stones and the feasibility of
this technique as experimentally demonstrated by this research group. The
time reversal mirror is able to locate the stone in less than 40 ms thus ensuring
a real time tracking.

Such a system in its final version could soon resemble to the image pre-
sented in Fig. 2.8 [2]. Due to the high number of transducers required in order
to be able to steer electronically the beam several centimeters away from the
geometrical focus, the cost of a time reversal mirror for lithotripsy remained
up to recently prohibitive. Next section shows how a very elegant property of
time reversal can be used in order to decrease this number of array elements.
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Fig. 2.8 A schematic view of the concept of time reversal lithotripsy (Scientific American,
1999)

2.6.2 Time Reversal and Temporal
Pulse Compression

The ability of time reversal to focusing through a strongly reverberating
(dispersive) medium leads to a very interesting property of time reversal: the
pulse compression effect. In fact, time reversal processing can take benefit of
the multiple reverberations of the ultrasonic wave in a solid waveguide [4].
As we will see in this section, it permits to greatly decrease the number
of transducers necessary to reach very high pressure fields in the organs.
The system is made of a small number of piezo-electric transducers stuck on
one face of a solid metal cavity acting as a waveguide. Another face of the
solid waveguide is placed on the skin surface of the patient. We can make a
“thought” experiment: if an ultrasonic source is located at the desired focal
point (i.e. the kidney stone) and transmits a short impulse, the resulting
wavefield will suffer a very strong temporal dispersion during its propagation
in the solid waveguide. Experimentally, the signal received by the transducers
can last more than 1,000 times more than the initial impulse signal. After
time reversal and re-emission of the signals by each transducer, the resulting
wave refocuses on the initial source location, exactly as of the movie of the
propagation was played backwards in time. Thus, all the energy that was
conveyed by a signal lasting several milliseconds is going to recompress at
focus in a very short time of the order of the microsecond (Fig.2.9). It is
again the beauty of the matched filter property of time reversal that permits
this incredible gain in signal amplitude at focus. This giant amplification of
the signal at focus ensures the destruction of the target by mechanical effect.
This amplification due to temporal compression of time reversal processing
is the acoustic analogous a light amplification in femtosecond lasers. The
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Fig. 2.9 Basic principle of the giant ultrasonic signal amplification using time reversal. (a)
and (b) During the calibration step, the seven transducers record the signal coming from
an acoustic source embedded into a water tank (same medium than human soft tissues).
(b) and (c) The signals are time reversed and re-emitted by the elements of the array.
Theses long lasting signals refocus at the focal point location in a very short impulse, thus
generating a giant amplification of the maximal pressure field at focus

presence of an acoustic source in the organ is of course not necessary. A first
calibration experiment can be done in a water tank (same sound speed as
soft human tissues) and echoes recorded on each transducer for each position
of the acoustic source in water can be stored in memories. These whole data
sets of signals can then be used in vivo for real time focusing at different
locations in 3D in the patient organ.

Two prototypes based on this idea were developed at Laboratoire Ondes et
Acoustique in Paris, France. Figure 2.10 shows the damage generated locally
in chalk pieces using this ultrasonic signal amplification system. Thanks to
the used of time reversal reverberations in the waveguide, it should soon be
possible to decrease the number of necessary transducers for autotracking
lithotripsy by a factor higher than 20! (Fig.2.11).
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Fig. 2.10 Mechanical damage induced by the seven small transducers system in big chalk
pieces using 150, 300 and 600 successive shots

t=34pus t =38 s

Fig. 2.11 Numerical simulation of the ultrasonic wave propagation through a human
skull bone: 2D images of the ultrasonic wavefield at different time steps. The acoustic
parameters of the skull bone are deduced from the 3D CT-scan image
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2.6.3 Transcranial Focusing Using Time Reversal
for Brain Tumours Therapy

Extracorporal ultrasound based therapy of brain tumours is surely the medi-
cal application that best emphasizes the potential of time reversal for medical
science. Non-invasive ultrasound-based systems able to treat tumors difficult
to access using conventional surgery are currently under development in many
research groups and companies all around the world. Their basic principle
is based on the use of an ultrasonic focused beam inducing a temperature
elevation in the focal region that locally necroses pathological tissues. This
ultrasonic wave is generated by an array made of a important number of piezo-
electric transducers covering a spherical surface that surrounds the skull [1,6].
However the building of such an ultrasonic focused beam is made a very dif-
ficult task due to the strong heterogeneities induced by the skull bone. The
strong discrepancy between sound speed in the skull bone and sound speed
in brain tissues combined with the complex internal architecture of the bone
leads to a very strong degradation of the ultrasonic beam. The solution to
this complex problem requires the use of an adaptive focusing technique. In
order to correct the distortions induced by the skull bone, it is necessary to
use arrays made of a non-negligible number of elements. On the one hand,
it permits to introduce time delays on each element that corrects the beam
profile. On the other hand, it permits in a second step to steer electronically
the beam if ones wants to treat a complete 3D volume in the brain. Time
reversal was shown during the last decade to offer an elegant solution to this
complex problem [5].

However, it is important to notice that the time reversal principle is based
on time reversal invariance of the wave equation in non-dissipative media.
Unfortunately, in addition to sound speed and density heterogeneities, the
skull bone introduces also ultrasonic absorption heterogeneities. This ultra-
sonic absorption degrades the focusing quality of time reversal processing.
By taking into account these absorption effects, the concept of time reversal
focusing can be generalized to an adaptive focusing technique in absorbing
media, the so-called spatial-temporal inverse filter [5].

Time Reversal and Biopsy: Adaptive Focusing Using Implanted
Hydrophone

The time reversal process requires an acoustic (passive or active) source at
the desired focus location. However, contrary to the lithotripsy application
where the acoustic reflection on the kidney stone was used as a passive source,
one can not rely in the brain of a very bright acoustic scatterer in order to
learn how to autofocus on the target. In fact, this reference point can be cre-
ated during the biopsy that is performed before any important brain surgical
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act. The biopsy is a very minimally invasive surgical act. During the biopsy
it is possible to implant a small hydrophone on the surgeon instrument and
acquire the impulse response between each element of the array and the hy-
drophone. After removal of a small tissue sample, the surgeon instrument
containing the hydrophone is removed of the brain. Then, in a second step,
a PC computer is calculating the set of signals that will optimally focus on
the initial hydrophone location (by combining time reversal and absorption
effects corrections). The multi-elements array emits these signals. The ultra-
sonic beam then refocuses optimally on the initial hydrophone location. The
beam can then be steered electronically in order to focus at other locations
surrounding the initial autofocus location for the treatment of a large volume.
The transcranial focusing quality are almost identical to the ones obtained in
homogeneous medium (water) up to —20 dB sidelobes level. This contrast is
largely sufficient for ultrasonic therapy as the heat deposit is proportional to
the square of the pressure field. Thus the heat deposit at focus is more than
100 times higher than in surrounding brain tissues.

Virtual Time Reversal: Ultrasonic Adaptive Focusing Guided
by CT-Scans

It is possible to improve the previous procedure and to get rid of the biopsy
step. A way to propose a fully non-invasive focusing technique consists in
using the information about the skull bone architecture provided by CT-
scans images. Indeed, it is possible to perform the first step of the time
reversal experiment (i.e. the forward propagation step) using only numerical
computation. One can use the information provided by CT-scans in order
to recover the important acoustic parameters that affect wave propagation
(sound speed, density and ultrasonic absorption). From these 3D images of
acoustic parameters, it is then possible to compute using 3D finite differences
simulations the propagation of the ultrasonic wavefield coming from a virtual
acoustic source in the numerical brain (Fig.2.11). The forward propagation
from the target to the array is thus performed numerically thanks to the
medium knowledge acquired from CT data.

As one can notice in Fig.2.12, the agreement between numerical simu-
lations and experiments is extremely good. So, it is definitely possible to
perform a totally non-invasive and adaptive ultrasonic focusing through the
human skull bone and thus, avoid the use of a pre-treatment biopsy.

High Power Time Reversal for In Vivo Ultrasonic Brain Therapy

A high power time reversal system based on the concepts presented in the
previous subsection was developed in the last years at Laboratoire On-
des et Acoustique in Paris, France. The array is made of 300 piezoelectric
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Fig. 2.12 Temporal wavefronts received on an ultrasonic array after propagation through
a human skull bone: Numerical simulation based on CT-scans data compared to the ex-
periment in the same conditions

transducers driven by a high power electronic system relying on 300 inde-
pendent transmit/receive electronic boards (see Fig.2.13). This ability of
this system to perform non-invasive transcranial brain necrosis has been
demonstrated recently in in vivo animal experiments. These initial results are
extremely promising and pave the way to human brain tumor treatments.

The skull aberration correction technique was validated experimentally on
20 sheep using this system. These first in vivo validations were using the
minimally invasive technique based on the use of the pre-treatment biopsy.
Figure 2.14 shows the quality of the focal spot obtained through the skull
bone using the time reversal based approach. The focal spot is much sharper
with aberrations corrections. Even more important is the acoustic intensity
obtained at focus using time reversal compared to conventional focusing. By
correcting the skull bone aberration, the time reversal process exhibits a 20
times more intense acoustic field at focus compared to conventional focusing
(focal depth 14 cm). The resolution of the focal spot is of the order of 1 mm
(Fig. 2.14) resulting in a very precise necrosis of brain tissues even at high
depth (Fig.2.15).

Following these pioneer experiments (based on a minimally invasive tech-
nique), a new animal investigation testing a fully non-invasive approach was
proposed and validated in 2005 on monkeys (Macaca fascicularis). This non-
invasive approach consisted in simulating the first step of the time reversal
experiment using a priori information about the 3D architecture of the skull
bone. First a 3D CT-scan of the monkey was performed as seen in Fig. 2.16a.
The Grayscale images obtained in Hounsfield units were converted into local
acoustical parameters (speed of sound, density and ultrasonic absorption).
Then, the 3D propagation of an ultrasonic wave initiated from the targeted
location bone was simulated with a 3D finite differences code, see Fig.2.16b.
After numerical propagation through the 3D skull bone model signals were
recorded at the location of virtual HIFU array elements. One week after the
CT-scan, the monkey is again fixed into the stereotactic frame, Fig.2.16c.
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Fig. 2.13 (a) High power time reversal mirror for transcranial ultrasonic brain therapy.
The array is made of 300 individual transducers quasi-randomly distributed on a 14 cm
radius spherical surface. (b) Detailed view of the front face of the array. An ultrasonic
imaging probe is embedded in the vicinity of the therapeutic array for skull bone imaging.
(c) Final system: a latex membrane containing cooled and degazed water permits the cou-
pling of the array to the skin and bone surfaces. (d) The system is coupled to a sheep head.
A biopsy is performed and a small hydrophone is recording the green function between the
array and the targeted location. Finally after the biopsy, several ultrasonic beams are fired
during several seconds in order to treat the targeted location and surrounding points by
steering electronically the beam at other locations
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Fig. 2.14 Spatial beam profile of the transcranial beam in the focal plane (focal distance
12cm): (a) without aberration corrections, (b) with aberration corrections. The acoustic
energy deposit at focus is 25 times higher than using time reversal adaptive focusing
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Fig. 2.15 Ultrasound thermal necrosis induced in liver tissue samples through a human
skull bone. (a) One can notice that the necrosed area is very sharp (nearly 1 mm diameter).
(b) The ultrasonic beam can be electronically steered at other locations in order to treat
point by point a larger volume. The precision of the necrosis is very high as the focal spot
relies on a millimetric resolution
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Fig. 2.16 The different steps of the brain HIFU therapy guided by CT-scans: (a) the
monkey is imaged into a CT-scanner. Head is fixed on a house-made stereotactic frame.
(b) A treatment software allows selecting the targeted spot. From these data, numeri-
cal simulation of the 3D transcranial ultrasonic propagation enables the estimation and
correction of skull aberrations for the HIFU treatment. (¢) One week after the CT-scan
exam, the monkey’s head is again fixed into the house-made stereotactic frame (d) the
HIFU array is coupled to the monkey’s head via the stereotactic frame, thus ensuring the
concordance of CT-scan reference frames and the HIFU experimental reference frame. The
HIFU treatment is then performed using the calculated emission signals

The HIFU array is then coupled to the monkey’s head via a water-cooling
and coupling system, Fig.2.16d. The treatment is then performed using
phase aberrations deduced from the 3D simulations. Monochromatic signals
are emitted by each element of the array using as an emission delay the
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time-reversed version of the estimated phase aberrations. Thirty sonifications
of the therapy beam are achieved using all array elements. Each shot was
lasting 10s and the cooling time between each sonification was fixed to 15s.
Two treatments were performed with the same parameters: first, a treat-
ment sequence was performed in the right hemisphere of the brain using a
corrected therapy beam. A second treatment sequence was performed in the
contralateral part of the brain with an uncorrected HIFU beam. The treat-
ment duration was identical for both treatments. After the HIFU experiment,
the monkey was woken up and a basic neurological score was given showing
that no side effects occurred. The monkey’s consciousness was normal, its
appetite was good and the motor functions were not affected.

One week after the treatment, the monkey was sacrificed. No burns were
observed on the skin, on the outer and inner tables of the skull but some pe-
techia on the outer surface of the brain have been induced. Figure 2.17c shows
a 7-T MR image of the fixed brain. It clearly shows the thermal necrosis at
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Fig. 2.17 (a) Principle of the transcranial time reversal focusing technique guided by CT-
scans. (b) 3D simulation of the wave propagation (finite differences): wave field distribution
at different time steps (at t = Ous, ¢ = 8us, t = 16Us, t = 24us, t = 32us, t = 40 s,
t = 48us, t = 56 Us, t = 64Us) in a selected plane. (¢) The monkey was sacrificed one
week after treatment: the 7-T MR images of the fixed brain clearly show the thermal
necrosis at the targeted location using a Steady State Free Precession (SSFP) sequence.
The histological examination clearly show thermal acidophilic necrosis in the area treated
with time reversal correction and normal pattern (neurons, oligodendrocytes, capillaries)
in the area treated with a non-corrected HIFU beam



96 M. Tanter and M. Fink

the targeted location using a Steady State Free Precession (SSFP) sequence.
The histological examination also confirmed thermal acidophilic necrosis in
the area treated with the time reversal correction. A normal pattern (neu-
rons, oligodendrocytes, capillaries, i.e. no damage) was observed in the area
treated with a non-corrected HIFU beam.

These promising results represent an important step towards human brain
ultrasonic therapy. Beyond the thermal ablation application, the validation
of this adaptive focusing technique guided by CT-scans will be applicable
at lower levels of acoustic energy deposition for the ultrasonic targeting of
cerebral gene therapy and sonothrombolysis.
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Chapter 3
The Method of Small-Volume

Expansions for Medical Imaging

Habib Ammari and Hyeonbae Kang

3.1 Introduction

Inverse problems in medical imaging are in their most general form ill-
posed [47]. They literally have no solution. If, however, in advance we have
additional structural information or supply missing information, then we may
be able to determine specific features about what we wish to image with a
satisfactory resolution and accuracy. One such type of information can be
that the imaging problem is to find unknown small anomalies with signif-
icantly different parameters from those of the surrounding medium. These
anomalies may represent potential tumors at early stage.

Over the last few years, the method of small-volume expansions has been
developed for the imaging of such anomalies. The aim of this chapter is to
provide a synthetic exposition of the method, a technique that has proven
useful in dealing with many medical imaging problems. The method relies on
deriving asymptotics. Such asymptotics have been investigated in the case
of the conduction equation, the elasticity equation, the Helmholtz equation,
the Maxwell system, the wave equation, the heat equation, and the Stokes
system. A remarkable feature of this method is that it allows a stable and
accurate reconstruction of the location and of some geometric features of the
anomalies, even with moderately noisy data.

In this chapter we first provide asymptotic expansions for internal and
boundary perturbations due to the presence of small anomalies. We then
apply the asymptotic formulas for the purpose of identifying the location and
certain properties of the shape of the anomalies. We shall restrict ourselves
to conductivity and elasticity imaging and single out simple fundamental
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algorithms. We should emphasize that, since biological tissues are nearly
incompressible, the model problem in elasticity imaging we shall deal with is
the Stokes system rather than the Lamé system. The method of small-volume
expansions also applies to the optical tomography and microwave imaging.
However, these techniques are not discussed here. We refer the interested
reader to, for instance, [2].

Applications of the method of small-volume expansions in medical imag-
ing are described in this chapter. In particular, the use of the method of
small-volume expansions to improve a multitude of emerging imaging tech-
niques is highlighted. These imaging modalities include electrical impedance
tomography (EIT), magnetic resonance elastography (MRE), impediography,
magneto-acoustic imaging, infrared thermography, and acoustic radiation
force imaging.

EIT uses low-frequency electrical current to probe a body; the method
is sensitive to changes in electrical conductivity. By injecting known amounts
of current and measuring the resulting electrical potential field at points
on the boundary of the body, it is possible to “invert” such data to deter-
mine the conductivity or resistivity of the region of the body probed by the
currents. This method can also be used in principle to image changes in dielec-
tric constant at higher frequencies, which is why the method is often called
“impedance” tomography rather than “conductivity” or “resistivity” tomog-
raphy. However, the aspect of the method that is most fully developed to date
is the imaging of conductivity /resistivity. Potential applications of electrical
impedance tomography include determination of cardiac output, monitoring
for pulmonary edema, and in particular screening for breast cancer. See, for
instance, [35-37,41,44-46].

Recently, a commercial system called TransScan TS2000 (TransScan Med-
ical, Ltd, Migdal Ha’Emek, Israel) has been released for adjunctive clinical
uses with X-ray mammography in the diagnostic of breast cancer. The math-
ematical model of the TransScan can be viewed as a realistic or practical
version of the general electrical impedance system. In the TransScan, a pa-
tient holds a metallic cylindrical reference electrode, through which a constant
voltage of 1-2.5V, with frequencies spanning 100 Hz-100 KHz, is applied.
A scanning probe with a planar array of electrodes, kept at ground potential,
is placed on the breast. The voltage difference between the hand and the probe
induces a current flow through the breast, from which information about the
impedance distribution in the breast can be extracted. See [25]. The method
of small-volume expansions provides a rigorous mathematical framework for
the TransScan. See Chap. 1 for a detailed study of this EIT system.

Since all the present EIT technologies are only practically applicable in
feature extraction of anomalies, improving EIT calls for innovative measure-
ment techniques that incorporate structural information. A very promising
direction of research is the recent magnetic resonance imaging technique,
called current density imaging, which measures the internal current density
distribution. See the breakthrough work by Seo and his group described
in Chap.1. See also [52, 53]. However, this technique has a number of
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disadvantages, among which the lack of portability and a potentially long
imaging time. Moreover, it uses an expensive magnetic resonance imaging
scanner.

Impediography is another mathematical direction for future EIT research
in view of biomedical applications. It keeps the most important merits of EIT
(real time imaging, low cost, portability). It is based on the simultaneous
measurement of an electric current and of acoustic vibrations induced by
ultrasound waves. Its intrinsic resolution depends on the size of the focal spot
of the acoustic perturbation, and thus it may provide high resolution images.

In magneto-acoustic imaging, an acoustic wave is applied to a biological tis-
sue placed in a magnetic field. The probe signal produces by the Lorentz force
an electric current that is a function of the local electrical conductivity of the
biological tissue [59]. We provide the mathematical basis for this magneto-
acoustic imaging approach and propose a new algorithm for solving the
inverse problem which is quite similar to the one we design for impediography.

Extensive work has been carried out in the past decade to image, by induc-
ing motion, the elastic properties of human soft tissues. This wide application
field, called elasticity imaging or elastography, is based on the initial idea that
shear elasticity can be correlated with the pathological state of tissues. Several
imaging modalities can be used to estimate the resulting tissue displacements.

Magnetic resonance elastography is a recently developed technique that
can directly visualize and quantitatively measure the displacement field
in tissues subject to harmonic mechanical excitation at low-frequencies. A
phase-contrast magnetic resonance imaging technique is used to spatially map
and measure the complete three-dimensional displacement patterns. From
this data, local quantitative values of shear modulus can be calculated and
images that depict tissue elasticity or stiffness can be generated. The inverse
problem for magnetic resonance elastography is to determine the shape and
the elastic parameters of an elastic anomaly from internal measurements of
the displacement field. In most cases the most significant elastic parameter
is the stiffness coefficient. See, for instance, [42,58,60, 64, 65].

Another interesting approach to assessing elasticity is to use the acoustic
radiation force of an ultrasonic focused beam to remotely generate mechanical
vibrations in organs. The acoustic force is due to the momentum transfer from
the acoustic wave to the medium. This technique is particularly suited for
in vivo applications as it allows in depth vibrations of tissues exactly at the
desired location. The radiation force acts as a dipolar source at the pushing
ultrasonic beam focus. A spatio-temporal sequence of the propagation of the
induced transient wave can be acquired, leading to a quantitative estimation
of the viscoelastic parameters of the studied medium in a source-free region.

Infrared thermal imaging is becoming a common screening modality in
the area of breast cancer. By carefully examining aspects of temperature
and blood vessels of the breasts in thermal images, signs of possible cancer
or pre-cancerous cell growth may be detected up to 10 years prior to being
discovered using any other procedure. This provides the earliest detection
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of cancer possible. Because of thermal imaging’s extreme sensitivity, these
temperature variations and vascular changes may be among the earliest signs
of breast cancer and/or a pre-cancerous state of the breast. An abnormal
infrared image of the breast is an important marker of high risk for developing
breast cancer.

3.2 Conductivity Problem

In this section we provide an asymptotic expansion of the voltage potentials
in the presence of a diametrically small anomaly with conductivity different
from the background conductivity.

Let £2 be a smooth bounded domain in R%,d > 2 and let v, denote the
outward unit normal to 042 at x. Define N(z, z) to be the Neumann function
for —A in {2 corresponding to a Dirac mass at z. That is, N is the solution to

—A;N(z,2) =94, in £,

ON 1 3.1)
= N — £ 0.

vy log 092 /o0 (x,2)do(x) =0 for z €

Note that the Neumann function N(z,z) is defined as a function of z € 2
for each fixed z € (2.

Let B be a smooth bounded domain in R% 0 < k # 1 < 400, and let
© = 0(B, k) be the solution to

Ab =0 inR?\ B,
Av=0 in B,

O — 0|+ =0 on dB,
k@v —6U =0 onJdB,
ov|_ Ov|,

(&) —&—0 as ¢ — +oo.

Here we denote
v[£(§) = tli%l+ v(§ ttre), €£€0B,

and

ov .
e j:(f) = tl_l}rgl+ (Vu(€ £tve),ve) , §€0DB,

if the limits exist, where v¢ is the outward unit normal to 9B at £, and (,) is
the scalar product in R%. For ease of notation we will sometimes use the dot
for the scalar product in R¢.
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Let D denote a smooth anomaly inside {2 with conductivity 0 < k #
1 < +o00. The voltage potential in the presence of the set D of conductivity
anomalies is denoted by w. It is the solution to the conductivity problem

V. <X(Q \ D)+ k:X(D)>Vu =0 in

Ou =g (g IS L2(6Q),/ gdo = O), (3.3)
AP 20

/ udo =0,
a0

where x(D) is the characteristic function of D.
The background voltage potential U satisfies

AU =0 in 2,
oul
o, 0 (3.4)

/ Udo=0.
20

The following theorem gives asymptotic formulas for both boundary and
internal perturbations of the voltage potential that are due to the presence
of a conductivity anomaly.

Theorem 3.1 (Voltage perturbations). Suppose that D = §B+z, ¢ being
the characteristic size of D, and let u be the solution of (3.3), where 0 < k #
1 < +o0.

(i) The following asymptotic expansion of the voltage potential on 012 holds
ford=2,3:

u(z) =~ U(z) — 6VU(2)M (k, B)d,N(x, z). (3.5)

Here U is the background solution, that is, the solution to (3.4), N(z,z)
is the Neumann function, that is, the solution to (3.1), and M (k, B) =
(mpq)? 1 is the polarization tensor (PT) given by

Mk, B) = (k—l)/BVf)(g) e, (3.6)

where U is the solution to (3.3).
(ii) Let w be a smooth harmonic function in (2. The weighted boundary
measurements I,, satisfies

L= [ (@-0)(a) O (@) do(r) ~ ~5"VU(2) - Mk, B)Vu(z). (37)
o2
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(iii) The following inner asymptotic formula holds:

Tr—z

u(z) = U(z) + 60( 5

)-VU(z) for x near z . (3.8)

The inner asymptotic expansion (3.8) uniquely characterizes the shape and
the conductivity of the anomaly. In fact, suppose for two Lipschitz domains B
and B’ and two conductivities k and k' that o(B,k) = ¢(B’, k') in a domain
englobing B and B’ then using the jump conditions satisfied by (B, k) and
0(B', k') we can easily prove that B = B’ and k = k.

The asymptotic expansion (3.5) expresses the fact that the conductivity
anomaly can be modeled by a dipole far away from z. It does not hold uni-
formly in 2. It shows that, from an imaging point of view, the location z
and the polarization tensor M of the anomaly are the only quantities that
can be determined from boundary measurements of the voltage potential,
assuming that the noise level is of order 6%*!. It is then important to pre-
cisely characterize the polarization tensor and derive some of its properties,
such as symmetry, positivity, and isoperimetric inequalities satisfied by its
elements, in order to develop efficient algorithms for reconstructing conduc-
tivity anomalies of small volume.

We list in the next theorem important properties of the PT.

Theorem 3.2 (Properties of the polarization tensor). For 0 < k #
1 < 400, let M(k,B) = (mypq)t ,—1 be the PT associated with the bounded
domain B in RY and the conductivity k. Then
(i) M is symmetric.
(ii) If k > 1, then M is positive definite, and it is negative definite if 0 <
k<1.
(iii) The following isoperimetric inequalities for the PT

1 1
< —
k_ltrace(M)_(d 1+k)\B\,

d—1+k
(k — 1) trace(M 1) < \B\—i_ )

(3.9)

hold, where trace denotes the trace of a matrix.

The polarization tensor M can be explicitly computed for disks and ellipses
in the plane and balls and ellipsoids in three-dimensional space. See [18,
pp. 81-89]. The formula of the PT for ellipses will be useful here. Let B be
an ellipse whose semi-axes are on the z1- and zs-axes and of length a and b,
respectively. Then, we recall that M (k, B) takes the form

a+b
kb
M(k,B) = (k=1)B| [ “7F ] (3.10)
b+ ka

where | B| denotes the volume of B.
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Formula (3.5) shows that from boundary measurements we can always
represent and visualize an arbitrary shaped anomaly by means of an equiv-
alent ellipse of center z with the same polarization tensor. Further, it is
impossible to extract the conductivity from the polarization tensor. The in-
formation contained in the polarization tensor is a mixture of the conductivity
and the volume. A small anomaly with high conductivity and larger anomaly
with lower conductivity can have the same polarization tensor.

The bounds (3.9) are known as the Hashin—Shtrikman bounds. By making
use of these bounds, a size estimation of B can be obtained.

3.3 Wave Equation

With the notation of Sect. 3.2, consider the initial boundary value problem
for the (scalar) wave equation

Ofu—V - (X(Q \ D) + k:x(D))Vu =0 in £p,

w(z,0) =uo(x), Owu(zr,0) =ui(z) for ze€ 2, (3.11)
0
85 =g on 00,

where T' < +00 is a final observation time, Q27 = 2x]0,T[, 0Q2r = 0£2x]0, T'.
The initial data ug,u; € C*(§2), and the Neumann boundary data g €
C*>®(0,T;C>(042)) are subject to compatibility conditions.

Define the background solution U to be the solution of the wave equation
in the absence of any anomalies. Thus U satisfies

U~ AU =0 in Qr,
U(z,0) = up(z), 0:U(x,0)=uy(z) for ze€ R,

aU:g on J00r.
ov

The following asymptotic expansion holds as § — 0.

Theorem 3.3 (Perturbations of weighted boundary measurements).
Set Qp = 02x]0,T[ and 02r = 9N2x]0,T[. Let w € C>(27) satisfy
(02 — Aw(z,t) =0 in Qr with dyw(z,T) = w(z,T) =0 for x € 2. Define
the weighted boundary measurements

Iu(T) = /8 w=0)a) g‘: (2, 1) do(z) dt
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Then, for any fized T > diam(S2), the following asymptotic expansion for
L,(T) holds as 6 — 0:

T
L (T) ~ 5° / VU (2, )M (k, B)Va(z,1) dt, (3.12)
0

where M (k, B) is defined by (3.6).

Expansion (3.12) is a weighted expansion. Pointwise expansions similar to
those in Theorem 3.1 which is for the steady-state model can also be obtained.
Let y € R3 be such that |y — z| > §. Choose

Otz
U(z,t) :=Uy(x,t) := 4;|:1L _2| forz £y . (3.13)

It is easy to check that U, is the outgoing Green function to the wave equa-
tion:

(0} — A)Uy(2,t) = 6—y0i—o  in R3x]0, +o00] .

Moreover, U, satisfies the initial conditions: Uy(x,0) = 0;Uy(z,0) = 0 for
T # . C0n51der now for the sake of Slmphc1ty the wave equatlon in the
whole three-dimensional space with appropriate initial conditions:

OPu—V - (x(R3 \ D) + k:X(D)> Vu = §,—y1—0 in R*x]0,+o0],

w(z,0) =0, du(r,0)=0 for zeR} z#£y.
(3.14)

For p > 0, define the operator P, on tempered distributions by
R0 = [ eV i) do
lw|<p

where 1[) denotes the Fourier transform of 9. Clearly, the operator P, trun-
cates the high-frequency component of .

Theorem 3.4 (Pointwise perturbations). Let u be the solution to (3.14).
Set Uy to be the background solution. Suppose that p = O(6~%) for some
a < ;

(i) The following outer expansion holds

Plu=U)(w.) = 0" [ VU@t =) MOt B)VRU,)(2.7) dr.
(3.15)

for x away from z, where M(k,B) is defined by (3.6) and U, and U,
by (3.13).
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(ii) The following inner approximation holds:

r—z

Pylu—Uy|(z,t) =~ 60 ( 5

> -VP,[Uy|(z,t) for x near z, (3.16)

where U is given by (3.2) and U, by (3.13).

Formula (3.15) shows that the perturbation due to the anomaly is in the
time-domain a wavefront emitted by a dipolar source located at the point z.

Taking the Fourier transform of (3.15) in the time variable gives an ex-
pansion of the perturbations resulting from the presence of a small anomaly
for solutions to the Helmholtz equation at low frequencies (at wavelengths
large compared to the size of the anomaly).

3.4 Heat Equation

Suppose that the background {2 is homogeneous with thermal conductivity 1
and that the anomaly D = § B+ z has thermal conductivity 0 < k # 1 < 4o0.
In this section we consider the following transmission problem for the heat
equation:

Ou — V- (x(Q \ D)+ kx(D)) Vu=0 in £p,

u(x,0) =up(x) for =z €2, (3.17)

ou
Y =g on 00,

where the Neumann boundary data g and the initial data uy are subject to
a compatibility condition. Let U be the background solution defined as the
solution of

U —AU =0 in r,

U(z,0) =up(x) for xze 2,

ou

o = g on Of2r.

The following asymptotic expansion holds as § — 0.

Theorem 3.5 (Perturbations of weighted boundary measurements).
Let w € C™(27) be a solution to the adjoint problem, namely, satisfy
(O + Aw(z,t) =0 in 2p with w(z,T) =0 for x € £2. Define the weighted
boundary measurements
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Then, for any firzed T > 0, the following asymptotic expansion for IL,(T)
holds as 6 — 0:

T
I,(T) ~ —5d/ VU (z,t) - M(k, B)Vw(z,t) dt, (3.18)
0

where M (k, B) is defined by (3.6).

Note that (3.18) holds for any fixed positive final time 7" while (3.12)
holds only for T > diam({2). This difference comes from the finite speed
propagation property for the wave equation compared to the infinite one for
the heat equation.

Consider now the background solution to be the Green function of the
heat equation at y:

_le—y|?
Ule,t) = Uy(a.t) =4 (amtyaz 01> 0 (3.19)
0 fort<0.

Let uw be the solution to the following heat equation with an appropriate
initial condition:

. d w=0 in R? 00
Oy — V (X(R \ D) + kx(D))V 0 R%x]0, 40|, (3.20)

u(x,0) = U, (x,0) for zcR%

Proceeding as in the derivation of (3.15), we can prove that du(z,t) := u—U
is approximated by

t 1 e—a'12 99
(k-1 at=7)
-y [ (d4m(t — 7))i/2 L

for x near z. Therefore, analogously to Theorem 3.4, the following pointwise
expansion follows from the approximation (3.21).

-z

s

)- VU, (2!, 7)do(z") dr,
(3.21)

Theorem 3.6 (Pointwise perturbations). Let y € R3 be such that |y —
z| > 8. Let u be the solution to (3.20). The following expansion holds

t
(=0 (x, ) ~ —5d/ VU, (&, t—7)M(k, B)VU, (2, 7) dr for |t—z| > O(5) ,
0
(3.22)
where M (k, B) is defined by (3.6) and U, and U, by (3.19).

When comparing (3.22) and (3.15), we shall point out that for the heat
equation the perturbation due to the anomaly is accumulated over time.
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An asymptotic formalism for the realistic half space model for thermal
imaging well suited for the design of anomaly reconstruction algorithms has
been developed in [22].

3.5 Modified Stokes System

Consider the modified Stokes system, i.e., the problem of determining v and
q in a domain {2 from the conditions:

(A+ Kk*)v —Vq=0,
V-v=0, (3.23)

Vo =g .

The problem (3.23) governs elastic wave propagation in nearly-incompressible
media. In biological media, the compression modulus is 4—6 orders higher than
the shear modulus. We can prove that the Lamé system converges to (3.23)
as the compression modulus goes to +oo.

Let (Gy1)%,_; be the Dirichlet Green’s function for the operator in (3.23),
ie., for y € .O,

OF; .
(Ay + 3Gy (z,y) — (aa;l & = 0;0y(x) in 2,
Z o, Gu(z,y) =0 in £, (3.24)

Gil(aj,y) =0 ondf.

Denote by (ej,...,es) an orthonormal basis of RY. Let d(¢) := (1/d)
> opérer and V., for p,g=1,...,d, be the solution to

AV, +VH =0 in R?\ B,
AV, +Vp=0 in B,

Vpgl— — Vpgls =0 on 9B,
vy A
(pNJrua |- — (BN +p g )+ =0 on 9B, (3.25)

V-Vpg =0 inRY,
Vpg(§) — §peq — 0pgd(§)  as €] — oo,
() =0 as ] — +oo.

Here Ov/ON = (Vv + (Vv)T) - N and T denotes the transpose.
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Define the viscous moment tensor (VMT) (Vijpq)i.jp,q=1,....,d By

Vigng = (7 — 1) /B Yy (V(&iey) + V(gie)T) de . (3.26)

Consider an elastic anomaly D inside a nearly-compressible medium (2.
The anomaly D has a shear modulus p different from that of (2, . The dis-
placement field u solves the following transmission problem for the modified
Stokes problem:

(A +wHu+Vp=0 in 2\ D,
(A +w*)u+Vp=0 in D,

u’_:u’+ on 0D ,
ou ou
—p|- — =0 oD
(pl+ = pl )NJruaN+ Fon| on oL, (3.27)
V-u=0 in 2,
u=g on Jf2,

/p=0,
(9]

where g € L2(042) satisfies the compatibility condition / g-N=0.
290
Let (U, q) denote the background solution to the modified Stokes system

in the absence of any anomalies, that is, the solution to

(A +w?)U+Vg=0 in £,
V-U=0 in®,
U=g ondf, (3.28)

/q:0.
Q

The following asymptotic expansions hold.

Theorem 3.7 (Expansions of the displacement field). Suppose that D =
0B + z, and let u be the solution of (3.27), where 0 < i # p < +00.

(i) The following inner expansion holds:

d
u(z) #U(z) + 6 Z E?qU(z)p\AIpq(aj g Z) for « near z , (3.29)

p,q=1

where Vpq is defined by (3.25)
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(ii) Let (Vijpg) be the VMT defined by (3.26). The following outer expansion
holds uniformly for x € 082:

d
(u—U)(z) ~ 6‘{ Z €00;Gyi(x, 2)04U(2)pVijpq | (3.30)

1,5,p,q,¢=1

where Vijpq is given by (3.26), and the Green function (Gil)?,l:l is defined
by (5.24) with k? = w?/p, u being the shear modulus of the background
medium.

The notion of a viscous moment tensor extends the notion of a polarization
tensor to quasi-incompressible elasticity. The VMT V' characterizes all the
information about the elastic anomaly that can be learned from the leading-
order term of the outer expansion (3.30). It can be explicitly computed for
disks and ellipses in the plane and balls and ellipsoids in three-dimensional
space. If B is a two dimensional disk, then

(=p)

V=4|B|p".
B it

)

where P = (Pjjp,) is the orthogonal projection from the space of symmetric
matrices onto the space of symmetric matrices of trace zero, i.e.,

1 1
Piqu = 2(5ip5jq + 5iq5jp) - d(sijépq :
If B is an ellipse of the form
x? 22
a;+b§:1, a>b>0, (3.31)
then the VMT for B is given by
2u(fi —
Vit = Vagzee = —Viiaa = —Vaoi1 = | B] ~'u('u~ 2 9
p+p— (= p)m
2u(ii —
Vizi2 = Var12 = Viaa1 = Vai21 = |B] uii = p) (3.32)

p i+ (= p)m?’

the remaining terms are zero,
where m = (a —b)/(a +b).

If B is a ball in three dimensions, the VMT associated with B and an
arbitrary p is given by
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20u|B| p—p 0uB| i—p ., .
Vi = " , Viii=— H 7
3 2u+3p 77 3 20+ 3u (i #J)
T .
Vijij = Vijji = 5”‘3‘2174-3#’ (i #37), (3.33)

the remaining terms are zero.

Theorem 3.8 (Properties of the viscous moment tensor). For 0 < ji #

p < 400, let Vo= (Vijpg)d, =1 be the VMT associated with the bounded

domain B in R? and the pair of shear modulus (fi, ). Then
(i) Fori,j,p,q=1,....d,
Viia = Viipa,  Vijpa = Vijap,  Viipa = Voqi - (3.34)
(ii) We have
S Vi =0 foralli,j and Y Vipg=0 for allp,q,
P i

or equivalently, V = PV P.

(iii) The tensor V is positive (negative, resp.) definite on the space of sym-
metric matrices of trace zero if p > ([ < p, resp.).

(iv) The tensor (1/(2u))V satisfies the following bounds

o, v)<isl(t-1)(@-vi+ 7Yy e
Tr(;luV)_l < |B|(ﬁl_ ) ((d— 1)5 + d(d; 1)) , (3.36)
where for C = (Cijpq), Tr(C) == Z‘ij:l Cijij-

Note that the VMT V is a 4-tensor and can be regarded, because of its
symmetry, as a linear transformation on the space of symmetric matrices.
Note also that, in view of Theorem 3.2, the right-hand sides of (3.35) and
(3.36) are exactly in the two-dimensional case (d = 2) the Hashin-Shtrikman
bounds (3.9) for the PT associated with the same domain B and the conduc-
tivity contrast k = 1/ .

3.6 Electrical Impedance Imaging

In this section we apply the asymptotic formula (3.5) for the purpose of
identifying the location and certain properties of the shape of the conduc-
tivity anomalies. We single out two simple fundamental algorithms that take
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advantage of the smallness of the anomalies: projection-type algorithms and
multiple signal classification (MUSIC)-type algorithms. These algorithms are
fast, stable, and efficient.

We refer to Chap. 1 for basic mathematical and physical concepts of elec-
trical impedance tomography.

3.6.1 Detection of a Single Anomaly:
A Projection-Type Algorithm

We briefly discuss a simple algorithm for detecting a single anomaly. We refer
to Chap. 1 for further details. The projection-type location search algorithm
makes use of constant current sources. We want to apply a special type of
current that makes QU constant in D. Injection current g = a - v for a fixed
unit vector a € R yields VU = a in £2.

Assume for the sake of simplicity that d = 2 and D is a disk. Set

w(y) = —(1/27)log |z —y| forx € R*\ R,y € 2.
Since w is harmonic in 2, then from (3.10) and (3.7), it follows that

(k=1)|D|(x—2)-a

rkt 1) o2 reR*\ 2. (3.37)

Iy[a] ~

The first step for the reconstruction procedure is to locate the anomaly.
The location search algorithm is as follows. Take two observation lines Xy
and Y contained in R? \ {2 given by

)1 := a line parallel to a,

Yo := a line normal to a .

Find two points P; € X;,7 = 1,2, so that
Lulal(P2) = 0, Loal(Py) = max |Lufa)(0)]
From (3.37), we can see that the intersecting point P of the two lines
II(P) :={z|a-(x—P) =0}, (3.38)
II5(Py) :={z | (x — P,) is parallel to a} (3.39)

is close to the center z of the anomaly D: |P — z| = O(4?).
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Once we locate the anomaly, the factor |D|(k —1)/(k+ 1) can be esti-
mated. As we said before, this information is a mixture of the conductivity
and the volume.

3.6.2 Detection of Multiple Anomalies:
A MUSIC-Type Algorithm

Consider m anomalies Dy = 0Bs + 25, s = 1,..., m. Suppose for the sake of
simplicity that all the domams Bg are disks. Let yweER2\Nforl=1,...,n
denote the source points. Set

Uy, = wy, :=—(1/2m)log |z —y| forxzeR, 1=1,...,n.

The MUSIC-type location search algorithm for detecting multiple anomalies
is as follows. For n € N sufficiently large, define the matrix A = [Ay]}';,_; by

0
A = Ly, ] = / (= Uy )(@) ¥ (@) dor(z)
a0 v
Expansion (3.7) yields
Ay = - I, |VU VU,
w -~ Z k + 1 Yy (ZS) i (ZS) .

Introduce .
- = (Uu) o U ))

where v* denotes the transpose of the vector v.

Lemma 3.9. Suppose that n > m. The following characterization of the
location of the anomalies in terms of the range of the matriz A holds:

9. € Range(A) iff z € {z1,..., 2m} - (3.40)

The MUSIC-type algorithm to determine the location of the anomalies is
as follows. Let P ise = I — P, where P is the orthogonal projection onto the
range of A. Given any point z € {2, form the vector g,. The point z coincides
with the location of an anomaly 1f and only if P, 9. = 0. Thus we can
form an image of the anomalies by plotting, at each point z, the cost function
1/11Pppised=]|- The resulting plot will have large peaks at the locations of the
anomalies.

Once we locate the anomalies, the factors |Dg|(ks — 1)/ (ks +1) can be

estimated from the significant singular values of A.



3 The Method of Small-Volume Expansions for Medical Imaging 115

3.7 Impediography

The core idea of impediography is to couple electric measurements to localized
elastic perturbations. A body (a domain 2 C R?) is electrically probed: One
or several currents are imposed on the surface and the induced potentials
are measured on the boundary. At the same time, a circular region of a few
millimeters in the interior of {2 is mechanically excited by ultrasonic waves,
which dilate this region. The measurements are made as the focus of the
ultrasounds scans the entire domain. Several sets of measurements can be
obtained by varying amplitudes of the ultrasound waves and the applied
currents.

Within each disk of (small) volume, the conductivity is assumed to be
constant per volume unit. At a point x € (2, within a disk B of volume Vg,
the electric conductivity « is defined in terms of a density p as y(z) = p(z)Vp.

The ultrasonic waves induce a small elastic deformation of the disk B. If
this deformation is isotropic, the material points of B occupy a volume V}
in the perturbed configuration, which at first order is equal to

Vp=Vs(1+27"),
where r is the radius of the disk B and Ar is the variation of the radius due
to the elastic perturbation. As Ar is proportional to the amplitude of the
ultrasonic wave, we obtain a proportional change of the deformation. Using
two different ultrasonic waves with different amplitudes but with the same
spot, it is therefore easy to compute the ratio V5 /Vp. As a consequence, the
perturbed electrical conductivity P satisfies

Vee R @)= p)VE = Aa)(e),

where v(z) = V};/Vp is a known function. We make the following realistic as-
sumptions: (1) the ultrasonic wave expands the zone it impacts, and changes
its conductivity: Vo € 2, v(x) > 1, and (2) the perturbation is not too small:
v(iz) —1> Vg.

3.7.1 A Mathematical Model

Let u be the voltage potential induced by a current g, in the absence of
ultrasonic perturbations. It is given by

Vi (y(2)Veu) =0 in £,

ou (3.41)
7(3:)8V =g ondf?,
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with the convention that | 90 U = 0. We suppose that the conductivity v of
the region close to the boundary of the domain is known, so that ultrasonic
probing is limited to interior points. We denote the region (open set) by (2.

Let us be the voltage potential induced by a current g, in the presence of
ultrasonic perturbations localized in a disk-shaped domain D := z + §B of
volume |D| = O(6%). The voltage potential us is a solution to

Ve (75(x)Veus(x)) =0 in 2,

3.42
w<x>‘9;f:g on 992 , 342

with the notation
Ys(2) = () |1+ x(D)(z) (v(z) —1) | ,

where x(D) is the characteristic function of the domain D.

As the zone deformed by the ultrasound wave is small, we can view it
as a small volume perturbation of the background conductivity 7, and seek
an asymptotic expansion of the boundary values of us — u. The method of
small-volume expansions shows that comparing us and u on 9f2 provides
information about the conductivity. Indeed, we can prove that

= €T (V(x)_l)Z u-vuaxr o
| s —wgdo = [ 5@ ") i Vuds o)

_ (v(a) ~1)?
= u@P [ 4@ 07 dr o).

Therefore, we have
v(2) |Vu(2))? = £(2) 4+ o(1) , (3.43)

where the function £(z) is defined by

(@0
E(z) = (/D () + 1 dx) /6Q(U6 u)gdo . (3.44)

By scanning the interior of the body with ultrasound waves, given an
applied current g, we then obtain data from which we can compute

£(2) = (2)|Vu(2)]”

in an interior sub-region of 2. The new inverse problem is now to reconstruct
~ knowing £.
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3.7.2 A Substitution Algorithm

The use of & leads us to transform (3.41), having two unknowns v and u
with highly nonlinear dependency on -y, into the following nonlinear PDE
(the O-Laplacian)

£
Ve - ,Vu| =0 inQ,
Vul

E Ou B
\Vuﬁ ov

(3.45)
g on 0.

We emphasize that £ is a known function, constructed from the measured
data (3.44). Consequently, all the parameters entering in (3.45) are known. So,
the ill-posed inverse problem of EIT model is converted into less complicated
direct problem (3.45).

The E-substitution algorithm, which will be explained below, uses two
currents g1 and go. We choose this pair of current patterns to have Vu; x
Vug # 0 for all x € 2, where u;,i = 1,2, is the solution to (3.41). We refer to
Chap. 1 and the references therein for an evidence of the possibility of such
a choice. The E-substitution algorithm is based on an approximation of a
linearized version of problem (3.45).

Suppose that v is a small perturbation of conductivity profile vy: v =
Yo + 07. Let ugp and u = ug + du denote the potentials corresponding to 7
and « with the same Neumann boundary data g. It is easily seen that du
satisfies V- (yVou) = =V - (7vVug) in 2 with the homogeneous Dirichlet
boundary condition. Moreover, from

& = (0 + 07)|V(ug + 6u) | = 0| Vuo|* + 67|Vuo|* + 270 Vug - Véu ,

after neglecting the terms dvVug - Vdu and dv|Véul|?, it follows that

The E-substitution algorithm is as follows. We start from an initial guess
for the conductivity -, and solve the corresponding Dirichlet conductivity
problem

{V~ (vVug) = 01in 2,
ug = ¥ on 982 .
The data 1 is the Dirichlet data measured as a response to the current g (say

g = ¢1) in absence of elastic deformation. The discrepancy between the data
and our guessed solution is

&

— — . 3.46
Vo v (3.46)

€p -



118 H. Ammari and H. Kang

We then introduce a corrector, du, computed as the solution to

V- (yVéu) = =V - (eoVug) in £,
ou=0 on 912,

and update the conductivity

E —29Véu - Vug
Vo ? '
We iteratively update the conductivity, alternating directions of currents (i.e.,
with g = g2).
In the case of incomplete data, that is, if £ is only known on a subset w
of the domain, we can follow an optimal control approach. See [29].

3.8 Magneto-Acoustic Imaging

Denote by ~(z) the unknown conductivity and let the voltage potential v
be the solution to the conductivity problem (3.41). Suppose that the v is a
known constant on a neighborhood of the boundary 0f2 and let ~. denote
v]ag-

In magneto-acoustic imaging, ultrasonic waves are focused on regions of
small diameter inside a body placed on a static magnetic field. The oscil-
lation of each small region results in frictional forces being applied to the
ions, making them move. In the presence of a magnetic field, the ions ex-
perience Lorentz force. This gives rise to a localized current density within
the medium. The current density is proportional to the local electrical con-
ductivity [59]. In practice, the ultrasounds impact a spherical or ellipsoidal
zone, of a few millimeters in diameter. The induced current density should
thus be sensitive to conductivity variations at the millimeter scale, which
is the precision required for breast cancer diagnostic. The feasibility of this
conductivity imaging technique has been demonstrated in [43].

Let z € £2 and D be a small impact zone around the point z. The created
current by the Lorentz force density is given by

J.(z) = expl(x)y(z)e, (3.47)

for some constant ¢ and a constant unit vector e both of which are inde-
pendent of z. Here, xp denotes the characteristic function of D. With the
induced current J, the new voltage potential, denoted by u,, satisfies

V-(yVu,+J.,)=0 in £,
u, =g on Jf2.
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According to (3.47), the induced electrical potential w, := v — u, satisfies
the conductivity equation:

{ V- -yVw, =cV - (xpye) foraze N, (3.48)

wy(x) =0 for x € 902.

The inverse problem for the vibration potential tomography, which is a
synonym of Magneto-Acoustic Imaging, is to reconstruct the conductivity
profile v from boundary measurements of %uj |an or equivalently 85”; log for
z € (.

Since v is assumed to be constant in D and |D| is small, we obtain using
Green’s identity [5]

/ o - gdo =~ —c|D|V(yv)(z) - e. (3.49)
an ov

The relation (3.49) shows that, by scanning the interior of the body with
ultrasound waves, ¢V (yv)(z) - e can be computed from the boundary mea-
surements 85‘1’/2 log in £2. If we can rotate the subject, then ¢V (yv)(z) for any
z in {2 can be reconstructed. In practice, the constant ¢ is not known. But,
since yv and Jd(yv)/Ov on the boundary of {2 are known, we can recover ¢
and yv from ¢V (yv) in a constructive way. See [5].

The new inverse problem is now to reconstruct the contrast profile ~

knowing
E(z) =7v(2)v(z) (3.50)

for a given boundary potential g, where v is the solution to (3.41).
In view of (3.50), v satisfies

v-fvu=0 mo
v (3.51)

v=g¢g on 02

If we solve (3.51) for v, then (3.50) yields the conductivity contrast . Note
that to be able to solve (3.51) we need to know the coefficient £(z) for all z,
which amounts to scanning all the points z € {2 by the ultrasonic beam.

Observe that solving (3.51) is quite easy mathematically: If we put w =
Inwv, then w is the solution to

V- EVw=0 1in £,
(3.52)

w=1Ing on Jf2,
as long as g > 0. Thus if we solve (3.52) for w, then v := €™ is the solution

to (3.51). However, taking an exponent may amplify the error which already
exists in the computed data £. In order to avoid this numerical instability,
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we solve (3.51) iteratively. To do so, we can adopt an iterative scheme similar
to the one proposed in the previous section.
Start with v and let vy be the solution of

V- -7%Vvy =0 in £,
v " (3.53)
vg=g on Jf2.
According to (3.50), our updates, o + & and vo + v, should satisfy
oy = 3.54
Yo+ oY v + v’ ( )
where
V(04 67)V(vo+6v) =0 in £2,
ov=0 on 912,
or equivalently
V- -7%Vév+ V- -67Vg=0 1in £,
Yo Vou YVug in (3.55)
v=0 on 0f2.

We then linearize (3.54) to have

E & v
oy = = 1-— . 3.56
Yo + 7 7)0(1 + (51)/’[)0) Vo < > ( )

Thus <
oy=— 5 =4, 5:—U0+70. (3.57)

We then find dv by solving

V50V00 = V- (£ 46) Vg =0 in 2,
ov=0 on 92,

or equivalently

VoV — V- (532“0 511) — V.0V, i,
0
ov=0 on 9.

(3.58)

In the case of incomplete data, that is, if £ is only known on a subset w
of the domain, we can follow an optimal control approach. See [5].
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3.9 Magnetic Resonance Elastography

Let u be the solution to the modified Stokes system (3.27). The inverse
problem in the magnetic resonance elastography is to reconstruct the shape
and the shear modulus of the anomaly D from internal measurements of u.

Based on the inner asymptotic expansion (3.29) of du (:= u — U) of the
perturbations in the displacement field that are due to the presence of the
anomaly, a reconstruction method of binary level set type can be designed.

The first step for the reconstruction procedure is to locate the anomaly.
This can be done using the outer expansion of du, i.e., an expansion far away
from the elastic anomaly.

Suppose that z is reconstructed. Since the representation D = z + 0B is
not unique, we can fix §. We use a binary level set representation f of the

scaled domain B:
1,z e B,
fla) = {1,x€R3\B. (3.59)

a 2w = (17 w1) (57 1) e

and let § be a regularization parameter. Then the second step is to fix a
window W (for instance a sphere containing z) and solve the following con-
strained minimization problem

2

d
su(e) =5 Y UV (" 5 )+ VUG -~ 2)

p,q=1

iy /W Vh(z) dz

1
min L(f, ) =
nin L(f, 1) 2‘

L2 (W)

(3.61)

subject to (3.25). Here, fW |Vh|dx is the total variation of the shear modulus
and |Vh| is understood as a measure:

/|Vh|=sup{/ hV -vdz, v € CH(W) and |v|<1inW}.
w w

This regularization indirectly controls both the length of the level curves and
the jumps in the coefficients.
The local character of the method is due to the decay of

d
63 0 Ul )= VU —2)

p,q=1

away from z. This is one of the main features of the method. In the presence
of noise, because of a trade-off between accuracy and stability, we have to
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choose carefully the size of W. The size of W should not be so small to
preserve some stability and not so big so that we can gain some accuracy.
See [8].

The minimization problem (3.61) corresponds to a minimization with
respect to g followed by a step of minimization with respect to f. The min-
imization steps are over the set of g and f, and can be performed using a
gradient based method with a line search. Of importance to us are the opti-
mal bounds satisfied by the viscous moment tensor V. We should check for
each step whether the bounds (3.35) and (3.36) on V are satisfied or not. In
the case they are not, we have to restate the value of 1. Another way to deal
with (3.35) and (3.36) is to introduce them into the minimization problem
(3.61) as a constraint. Set o = Tr(V) and 3 = Tr(V~!) and suppose for
simplicity that z > p. Then, (3.35) and (3.36) can be rewritten (when d = 3)
as follows

_ 2

a <20 -3+ D),

~ " (3.62)
2IU’(IU’_IU’)|D| <ﬁ_1

3u+2n - ’

3.10 Imaging by the Acoustic Radiation Force

A model problem for the acoustic radiation force imaging is (3.14), where y
is the location of the pushing ultrasonic beam. The transient wave u(x,t) is
the induced wave. The inverse problem is to reconstruct the shape and the
conductivity of the small anomaly D from measurements of v on R3x]0, +o0.
It is easy to detect T = |y — z| and the location z of the anomaly from
measurements of u(x,t) — Uy(x,t).

Suppose that the wavefield in a window W containing the anomaly can be
acquired. In view of Theorem 3.4, the shape and the conductivity of D can
be approximately reconstructed, analogously to MRE, by minimizing over k
and f the following functional:

2

dt
L2(w)

Pylu—U,] — 60 (x 5 Z) -VP,[U,]

T I
(f )_2AT/T_A2T

+8 [ Vha)da
(3.63)
subject to (3.2). Here AT = O(5/vk) is small, 2h(z) = k(f(";7) + 1) —
(f(*5%)—1), and f given by (3.59).

To detect the anomaly from measurements of the wavefield away from
the anomaly one can use a time-reversal technique. As shown in Chap. 2, the
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main idea of time-reversal is to take advantage of the reversibility of the wave
equation in a non-dissipative unknown medium in order to back-propagate
signals to the sources that emitted them. In the context of anomaly detection,
one measures the perturbation of the wave on a closed surface surrounding
the anomaly, and retransmits it through the background medium in a time-
reversed chronology. Then the perturbation will travel back to the location
of the anomaly. We can show that the time-reversal perturbation focuses on
the location z of the anomaly with a focal spot size limited to one-half the
wavelength which is in agreement with the Rayleigh resolution limit.

In mathematical words, suppose that we are able to measure the pertur-
bation w := u — U, and its normal derivative at any point x on a sphere S
englobing the anomaly D. The time-reversal operation is described by the
transform ¢ — ¢y — t. Both the perturbation w and its normal derivative on
S are time-reversed and emitted from S. Then a time-reversed perturbation,
denoted by wy,, propagates inside the volume (2 surrounded by S. Taking
into account the definition of the outgoing fundamental solution (3.13) to the
wave equation, spatial reciprocity and time reversal invariance of the wave
equation, the time-reversed perturbation wi, due to the anomaly D in {2
should be defined by

wtr(x,t):/R/S {Uz(x’,t—s)‘;ly”(x’,to—s)—86(iz(x’,t—s)w(x’,to—s) do(a') ds |

where
o(t—7—|z—2))

U, /7t - =
(@ 7) dm|e — o'

However, with the high frequency component of w truncated as in Theorem
3.4, we take the following definition:

watet) = [ [ [Um@',t—s)wg; Uil 0 - s)
oU,

~ o (@'t — s)P,Ju— Ugl(a, to — s)| do(a') .

According to Theorem 3.4, we have
Pylu—Uy|(z,t) = —53/ VP,|U.)(x,t —7)-p(z,7)dr,
R

where

p(z,7) = M(k,B)VP,[Uy](z,7) .
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Thus, since

/R/s {Um(":/’ t=s) anLUz} (@' to — 5 —7)

—%liz (@'t — s)P,[U)(a, tg — s — 7) | do(2') ds

= P,[U.)(z,to — T —t) — P,[U.J(z,t —to+T),

we arrive at

wip(,8) ~ —63/Rp(z, ) V[P (st — 7 — t)— Po[Us] (.t — to + 7)] dr .

Formula (3.64) can be interpreted as the superposition of incoming and
outgoing waves, centered on the location z of the anomaly. Suppose that
p(z,7) is concentrated at the travel time 7 = T'. Formula (3.64) takes there-
fore the form

wy(w,t) & =6%p - VL [P[UL) (2, to = T — t) — P[U)(z,t —to + T)] ,

where p = p(2,T). The wave wyy is clearly sum of incoming and outgoing
spherical waves.

Formula (3.64) has an important physical interpretation. By changing the
origin of time, T" can be set to 0 without loss of generality. By taking Fourier
transform of (3.64) over the time variable ¢, we obtain that

Wi (2, w) o 6%p - V(Sm(zf . ZD) :
where 10, denotes the Fourier transform of wy, and w is the wavenumber and,
which shows that the time-reversal perturbation wy, focuses on the location
z of the anomaly with a focal spot size limited to one-half the wavelength. An
identity parallel to (3.64) can be rigorously derived in the frequency domain.
It plays a key role in the resolution limit analysis. See [7].

3.11 Infrared Thermal Imaging

In this section we apply (3.18) (with an appropriate choice of test functions
w and background solutions U) for the purpose of identifying the loca-
tion of the anomaly D. The first algorithm makes use of constant heat flux
and, not surprisingly, it is limited in its ability to effectively locate multiple
anomalies.
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Using many heat sources, we then describe an efficient method to locate
multiple anomalies and illustrate its feasibility. For the sake of simplicity we
consider only the two-dimensional case.

3.11.1 Detection of a Single Anomaly

For y € R?\ 02, let

1 @ —y|?
w(z,t) = wy(z,t) = 4n(T — t)e_ ey (3.64)

The function w satisfies (0;+A)w = 0 in 27 and the final condition w|;=7 = 0
in 2.

Suppose that there is only one anomaly D = z + § B with thermal con-
ductivity k. For simplicity assume that B is a disk. Choose the background
solution U(z,t) to be a harmonic (time-independent) function in 7. We
compute

y—z _lz=y?

wa(z7t) = 87.[.(T B t)2e 4(T —t) s

(k—1)|B] y—= l=—yl?

M(k,B)va(Z,t) = bl 47T(T_t)26_4(T—t) ,

and
r (k—D|Bly—» [T e il
M(k,B t)dt = dt .
/0 (k, B)Vwy (2, 1) k+1 4« /0 (T —t)2
But
_lz—yl?
_lz—yl? —|z—y‘26 AT —1t)
e HT—1t) =
dt 4 (T —1t)?

and therefore

(k=DIBl y—2 _poor

T
M B pu—
(A (k)T (eoryar = PP T

Then the asymptotic expansion (3.18) yields

k=1 _VU(z) - (y—2) _1y—=?
I,(T)(y) =~ §° B ar
(1)) B e e

o (3.65)
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Now we are in a position to present our projection-type location search
algorithm for detecting a single anomaly. We prescribe the initial condition
uo(x) = a -z for some fixed unit constant vector a and choose g = a - v
as an applied time-independent heat flux on 9§27, where a is taken to be a
coordinate unit vector. Take two observation lines X and X5 contained in
R2\ 2 such that

21 := a line parallel to a, Yo := a line normal to a .
Next we find two points P; € X; (i = 1,2) so that I,,(T)(P;) = 0 and
min I,,(T)(z) itk—1<0,

reXs

I,(T if k—1>0.
max I,(T)(z) i >0

1, (T)(P2) =

Finally, we draw the corresponding lines IT; (P ) and II5(P>) given by (3.38).
Then the intersecting point P of IT;(P;) N I12(P,) is close to the anomaly D:
|P — z| = O(6 log §|) for ¢ small enough.

3.11.2 Detection of Multiple Anomalies:
A MUSIC-Type Algorithm

Consider m anomalies Dy = §Bs + z5, s = 1,..., m, whose heat conductivity
is ks. Choose

Uz, t) =Uy(x,t) = e~ for y €R?\ 02

or, equivalently, g to be the heat flux corresponding to a heat source placed
at the point source ¢’ and the initial condition ug(z) = 0 in {2, to obtain that

L@~ PR g pe )

T 2 / 2
1 ly — 2| Yy — 2|
X — — dt,
/0 2(T — t)2 eXp< AT — 1) 4t

where w is given by (3.64) and M) is the polarization tensor of D,.

Suppose for the sake of simplicity that all the domains By are disks. Then
it follows from (3.10) that M) = m() I, where m(®) = 2(k, —1)|B,|/ (ks +1)
and I is the 2 x 2 identity matrix. Let 3, € R? \ §2 for [ € N be the source
points. We assume that the countable set {y;};en has the property that any
analytic function which vanishes in {y; };en vanishes identically.
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The MUSIC-type location search algorithm for detecting multiple
anomalies is as follows. For n € N sufficiently large, define the matrix
A= [A”/}ln;l/:l by

k)
Ay = — 522 ( 642 )m( Wyw — 25) - (y1 — 25)

s=1
T 2 2
1 lyr — zs|* yrr — 2]
X — — dt .
/0 12(T — t)2 eXp( A(T — 1) 4t

For z € 2, we decompose the symmetric real matrix C' defined by

T 2 2
1 ly = z1° lyr — 2|
= — - t
¢ {A t%T—%P‘mp< wr-o- w )M,
as follows: )
C= Zvl(z)vl(z)* (3.66)
=1

for some p < n, where v; € R™ and v} denotes the transpose of v;. Define the
vector ggl) € R"*2 for z € 2 by

ggl) = ((yl —2)u(2), oy (Yn — z)vln(z)> , l=1,...,p. (3.67)
Here v, ..., v, are the components of the vector v;, [ = 1,...,p. Let y; =
Y12y Yry) for L =1,...,n, 2 = (25,2y), and z; = (2sz, 2sy). We also introduce

Qz(@u—QMM@ww@m—%wmaf

and *
ggly) = ((ylu = zy)vn(2) -+ (Yny — Zu)vln(z)> .

Lemma 3.10. The following characterization of the location of the anomalies
in terms of the range of the matrix A holds:

g and ggly) € Range(A) Vie{l,....,p} ff ze{z,....zm}. (3.68)

Note that the smallest number n which is sufficient to efficiently recover the
anomalies depends on the (unknown) number m. This is the main reason to
take n sufficiently large. As for the electrical impedance imaging, the MUSIC-
type algorithm for the thermal imaging is as follows. Compute P iqe, the
projection onto the noise space, by the singular value decomposition of the

matrix A. Compute the vectors v; by (3.66). Form an image of the locations,
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Z1,..., zm, by plotting, at each point z, the quantity [|g." -aH/HPnoise(ggl) -a)l
forl=1,...,p, where g,(zl) is given by (3.67) and a is a unit constant vector.
The resulting plot will have large peaks at the locations of z,, s =1,...,m.

The algorithms described for reconstructing thermal anomalies can be

extended to the realistic half-space model. See [22].

3.12 Bibliography and Concluding Remarks

In this chapter, applications of the method of small-volume expansions in
emerging medical imaging are outlined. This method leads to very effective
and robust reconstruction algorithms in many imaging problems [15]. Of
particular interest are emerging multi-physics or hybrid imaging approaches.
These approaches allow to overcome the severe ill-posedness character of
image reconstruction.

Part (i) in Theorem 3.1 was proven in [14, 33,40] and in a more general
form in [31]. The proof in [14] is based on a decomposition formula of the
solution into a harmonic part and a refraction part first derived in [48]. In this
connection, see [49-51,54,56]. Part (iii) is from [21]. The Hashin-Shtrikman
bounds for the polarization tensor were proved in [32,57]. Theorem 3.7 and
the results on the viscous moment tensor in Theorem 3.8 are from [6]. The
initial boundary-value problems for the wave equation in the presence of
anomalies of small volume have been considered in [1,17]. See [16] for the
time-harmonic regime. Theorem 3.4 is from [7]. See also [19,20,30] for similar
results in the case of compressible elasticity. In that paper, a time-reversal
approach was designed for locating the anomaly from the outer expansion
(3.15). We refer to Chap. 2 for basic physical principles of time reversal. See
also [38,39].

The projection algorithm was introduced in [23,24,55,63]. The MUSIC-
type algorithm for locating small electromagnetic anomalies from the re-
sponse matrix was first developed in [28]. See also [9,11-13,34]. It is worth
mentioning that the MUSIC-type algorithm is related to time reversal [61,62].

Impediography was proposed in [3] and the substitution algorithm pro-
posed there. An optimal control approach for solving the inverse problem in
impediography has been described in [29]. The inversion was considered as a
minimization problem, and it was performed in two or three dimensions.

Magnetic resonance elastography was first proposed in [60]. The results
provided on this technique are from [6]. For physical principles of radiation
force imaging we refer to [26,27]. Thermal imaging of small anomalies has
been considered in [10]. See also [22] where a realistic half space model for
thermal imaging was considered and accurate and robust reconstruction al-
gorithms are designed.

To conclude this chapter, it is worth mentioning that the inner expan-
sions derived for the heat equation can be used to improve reconstruction
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in ultrasonic temperature imaging. The idea behind ultrasonic temperature
imaging hinges on measuring local temperature near anomalies. The aim is
to reconstruct anomalies with higher spatial and contrast resolution as com-
pared to those obtained from boundary measurements alone.

We would also like to mention that our approach for the magneto-acoustic
tomography can be used in photo-acoustic imaging. The photo-acoustic effect
is the physical basis for photo-acoustic imaging; it refers to the generation
of acoustic waves by the absorption of optical energy. In [4], a new method
for reconstructing absorbing regions inside a bounded domain from boundary
measurements of the induced acoustic signal has been developed. There, the
focusing property of the time-reversed acoustic signal has been shown.
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Chapter 4

Electric and Magnetic Activity
of the Brain in Spherical

and Ellipsoidal Geometry

George Dassios*

4.1 Introduction

Understanding the functional brain is one of the top challenges of contem-
porary science. The challenge is connected with the fact that we are trying
to understand how an organized structure works and the only means avail-
able for this task is the structure itself. Therefore an extremely complicated
scientific problem is combined with a hard philosophical problem.

Under the given conditions it comes as no surprise that so many, appar-
ently simple, physical and mathematical problems in neuroscience are not
generally solved today. One of this problems is the electromagnetic problem
of a current field inside an arbitrary conductor. We do understand the physics
of this problem, but it is very hard to solve the corresponding mathematical
problem if the geometry of the conducting medium diverts from the spherical
one. Mathematically, the human brain is an approximately 1.5 L of conduc-
tive material in the shape of an ellipsoid with average semiaxes of 6, 6.5 and
9cm [47]. On the outermost layer of the brain, known as the cerebral cortex,
most of the 10! neurons contained within the brain are distributed. The
neurons are the basic elements of this complicated network and each one of
them possesses 10* interconnections with neighboring neurons. At each inter-
connection, also known as a synapse, neurons communicate via the transfer
of particular ions, the neurotransmitters [38]. Neurons are electrochemically
excited and they are able to fire instantaneous currents giving rise to very
weak magnetic fields which can be measured with the SQUID (Supercon-
ducting QUantum Interference Device). The SQUID is the most sensitive
apparatus ever built. It can measure magnetic fields as small as 1074 T, a
sensitivity that is necessary to measure the 107 1°t0 10~ '3 T fields resulting
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from brain activity. For comparison we mention that the magnetic fields due
to brain activity are about 1079 of the Earth’s average magnetic field, 107>
of the fluctuations of the Earth’s magnetic field, and about 10~2 of the max-
imum magnetic field generated by the beating heart.

Since the physiological parameters of the brain provide a wavelength of
approximately 400m for the generated electromagnetic field [45], i.e. 2,000
times larger than the human head, it is obvious that the quasi-static theory
of electromagnetism [38] is well fitted for modeling the electric and the mag-
netic activity of the brain. In the quasi-static theory we allow the existence
of stationary currents but the electric displacement and the magnetic induc-
tion fields are assumed to vary so slowly that their time derivatives can be set
equal to zero. Consequently, the electric and the magnetic fields are to a large
extent separated, leading to Electroencephalography (EEG) and to Magne-
toencephalography (MEG). In EEG a set of electrodes, placed on the scalp,
measures the electric potential on the surface of the head, while in MEG a
set of coils, adjusted within the SQUID helmet at distances 3—6 cm from the
surface of the head, measures the components of the magnetic induction field
along the axes of the coils.

My lectures will be focused on some mathematical aspects of the electric
and the magnetic activity of the brain, using the simple geometries of the
sphere and of the ellipsoid. As it is always the case, our discussion will suffer
from the classical discrepancies between mathematical modeling and reality.
On the other hand, mathematical modeling provides the appropriate tool for
the understanding of the underlying phenomenon, for discovering the basic
governing laws, and for identifying the limitations of the algorithms we try
to develop. In my lectures, I will be commuting between four central poles:
electroencephalography, magnetoencephalography, the sphere, and the ellip-
soid. These four poles represent: electricity, magnetism, and their behaviour
in isotropic (sphere) and in anisotropic (ellipsoid) environments.

Given the current and the geometry of the brain the direct EEG and
the direct MEG problems consist of finding the electric potential and the
magnetic induction, i.e. what can be measured in each case, respectively.
The much more interesting and much harder problems of the inverse EEG
and the inverse MEG consist of finding the current from the given EEG and
MEG measurements once we know the geometry of the brain. In their general
formulation, the corresponding direct mathematical problems are well-posed,
while the inverse problems are ill-posed, mainly due to lack of uniqueness
[1,4,5,17,20,21] a property that was first recognized by Helmholtz.

The source of the mathematical difficulties, in dealing with EEG and MEG
problems, is the conductive medium that surrounds the primary neuronal
current. The fields generated by the neuronal current give rise to an induction
current within the conductor, which in turn generates a magnetic induction
field. What we actually measure outside the head is the superposition of
both of these fields, and from these measurements we want to identify only
the neuronal component of the current which is hidden in this superposition.



4  Electric and Magnetic Activity of the Brain 135

The magnetic induction field depends on the conductivity profile and on
the geometry of the conductor, and in order to calculate it we need to solve
the boundary value problem that determines the electric potential generated
by the primary current. Once the electric potential is obtained the exte-
rior magnetic field is uniquely determined via the Geselowitz [25] integral
representation.

The simplest mathematical model for the electric and the magnetic activ-
ity of the brain is that of a localized dipolar current within a homogeneous
conductive sphere. Actually, this simplified model is the only one that is com-
pletely solved [7,16,22,46,49] and forms the basis of all medical applications
of EEG and MEG. But the brain is not a sphere. Mathematically, the brain
is best approximated by an ellipsoid for which, as we indicated before, the
aspect ratio of the most eccentric principal ellipse is equal to 1.5. Hence, the
realistic geometry of the brain is far from being a spherical one. On the other
hand, the mathematical complexity associated with the ellipsoidal geometry
is much higher than the one needed for the sphere. A compromise is achieved
if one uses the spheroidal geometry [3,19,35,50] which fits better the shape
of the brain but it is still a two-dimensional approximation of the realistic
ellipsoidal brain.

As of today no closed form results exist, either for EEG or for MEG, for
any other shape besides the sphere. Considerable efforts have been dedicated
to the solutions of the direct EEG and the direct MEG problem in ellipsoidal
geometry [6,8,10-13,15,18,26-28,32-34,36] and although many partial results
are available, the problem is far for its complete mathematical understand-
ing. Even for the cases where a complete series solution for EEG [36], or
for MEG [6] has been obtain, the solutions are not easy to handle. Hence,
there is a lot to be done until we arrive at practical applications of the ellip-
soidal model. As it has been shown, the ellipsoidal geometry is responsible
for drastic variations in the behaviour of EEG and MEG compared with the
corresponding behaviour in the case of the sphere. For example, in ellipsoidal
geometry the “silent” sources are not radial [10,12] and shells of different
conductivity are “visible” by the MEG measurements [11, 13, 18]. Further-
more, in the case where the inversion algorithms use the spherical model to
interpret measurements that come from an actual ellipsoid, it is necessary
to estimate the error of our approximate interpretation. It is therefore im-
portant to further understand the ellipsoidal model and to incorporate its
realistic characteristics in the inversion algorithms for EEG and MEG.

An excellent source for bioelectromagnetism is reference [38] while the
review article [29] provides a thorough exposition of MEG theory and appli-
cations. Effective techniques for EEG lead field theory can be found in [42,43]
and for the corresponding MEG case in [40]. Techniques based on surface per-
turbations can be found in [41,44], while in [31, 39] the theory of multipole
expansions is utilized. Elements of the theory of ellipsoidal harmonics can be
found in [23,30,37,48]. Finally, Chap. 8 in [14] contains closed form solutions
of potential problems of physical interest in ellipsoidal coordinates.
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This chapter is organized as follows. Section 4.2 provides a formulation
of the mathematical problems of EEG and MEG. Section 4.3 summarizes
the existing results for the spherical model. In Sect. 4.4 we include a compact
introduction to the ellipsoidal system and ready-to-use results from the theory
of ellipsoidal harmonics. The theory of EEG in ellipsoidal geometry is then
presented in Sect.4.5 and that for MEG in Sect.4.6. Basic aspects of the
inverse EEG and MEG problems are discussed in Sect.4.7. Finally, a short
Sect. 4.8 enumerates some open mathematical problems within the framework
described in the present lectures.

4.2 Mathematical Formulation

Quasi-static theory of electromagnetism is governed by Maxwell’s equations
under the assumption that the electric and the magnetic fields do not very
in time. Then Faraday’s law is written as

VXxE=0 (4.1)
and the Maxwell-Ampere equation reduces to

V x B = pyJ (4.2)

where E is the electric field, B is the magnetic induction field, J is the total
current and pg is the magnetic permeability of the medium which, for our
purpose, it is taken to be a constant everywhere. The two basic equations
(4.1) and (4.2) are complemented by the solenoidal property

V-B=0 (4.3)

of the magnetic induction which represents the lack of magnetic monopoles.
For a conductive medium with conductivity o, the total current is the sum

J=J"+J' (4.4)

of the primary current J? plus the induction current defined by
J'=0E. (4.5)
Equation (4.1) allows the introduction of the electric potential u, such that

E = —Vu. (4.6)
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Then taking the divergence of (4.2) we obtain the conservation law
V.-J=0 (4.7)
which in view of (4.4) and (4.6) implies the differential equation
V- [oVu] =V - JP (4.8)

that u has to satisfy. In particular, for homogeneous conductors (4.8) assumes
the form

L JP P
o Au(r) = V- JP(r), r € suppJ (4.9)
0, r & supp J?.
Actually, (4.1) governs electrostatics, (4.2), (4.3) govern magnetostatics, and
the two theories are coupled by the equation

J=J"+0E (4.10)

only when o # 0.

Across an interface S separating two regions Vi, V5 with different conduc-
tivities o1, 092, and in the absence of primary currents in the vicinity of S, the
transmission conditions read

Uy = Uz, onS (4.11)

O’lanul = Ugan’U,Q, onS (412)

where 9,, denotes normal differentiation. Hence, the electric potential should
remain continuous while its normal derivative should jump in such a way as to
preserves the continuity of the normal components of the induction current.

If S separates a conductive from a nonconductive region and if u denotes
the electric potential in the conductive region, then (4.12) becomes

Onu = 0, onS. (4.13)

The direct EEG problem now is formulated as follows.

Let the region V. occupied by the cerebrum with conductivity o. and
boundary S.. V. is surrounded by the region V; occupied by the cerebrospinal
fluid whose conductivity is oy and it is bounded from the outside by Sy. In
a similar fashion we have the region Vj, occupied by the surrounding bone
(the skull) with conductivity o3, and outer boundary S,. Finally, comes the
region V, occupied by the skin (the scalp) with conductivity o, and outer
boundary Ss which separates the head from the infinite exterior region V'
where o = 0. Figure 4.1 depicts the appropriate geometry as a set of four
nested confocal ellipsoids where it is to be understood that the diameter of
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Fig. 4.1 Geometry of the brain-head system

S is approximately 18 cm and that of Sy is about 22-23 cm. Indicative values
for the conductivities in (Q2m)~! are: 0.33 for the cerebrum and the scalp,
1.00 for the cerebrospinal fluid and 0.0042 for the skull.
We assume that
JE(r) = Qd(r —ro) (4.14)

where ¢ is the Dirac measure. In other words, the primary current is a local-
ized dipole at ro € V. with moment Q. Then we have to solve the following
problem

ocAuc(r) = Q- Vi(r —rp), rel, (4.15)
Aug(r) =0, reV; (4.16)
Auy(r) =0, reV, (4.17)
Aug(r) =0, reV (4.18)
Au(r) =0, reV (4.19)
with
uc(r) = us(r), 0cOnuc(r) = opOpus(r), resS. (4.20)
Uf(’l") = ub(r), O’f@nUf(T) = O’banub(’l"), TE Sf (4.21)
up(1) = us(r), o0 up(1) = 0s0nus(T), r e Sy (4.22)
us(r) = u(r), Onus(r) =0, resS; (4.23)
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and

u(r):O<12> 7 — 00 (4.24)

r

where uc, uy, up, us and u are the electric potentials in V., Vy, V4, Vi and V
respectively. The asymptotic condition (4.24) is a consequence of the fact
that the sources (actually the dipole at () are compactly supported.

If the primary current is distributed over a compact subset of V., then
we solve problem (4.15)—(4.24) and we integrate the solution with respect to
ro € supp J? keeping in mind that Q now is a function of r(. From the point
of view of EEG applications what we want are the values of ug, or of v on Ss.

Next we turn to the mathematical formulation of the MEG problem. Again
we will assume the primary current (4.14) and if we have to deal with a dis-
tributed current then we integrate over the support of J”. In both cases, the
EEG or the MEG solution that corresponds to the point excitation current
(4.14) provides the EEG or the MEG kernel function for the given geometry.

The integral form of the magnetostatic equations (4.2), (4.3) is the Biot—
Savart law

r—r

B(r) = Z; /]R3 J(r'") x v — T,|3dv(r’) (4.25)

where the integration is restricted to the support of J, which is the union
of the support of JPand the support of ¢. In our brain-head model (4.25) is
written as

Ko r—ro
B =
(r) 47TQ 8 |r —ro3
__Ho

10| Veloaur) X (V) + opug(r) X (V)
VC

oy ()X (V) + owus(r)X (V) | T du(r) (4.26)

|r — /|3

where X'(V;) is the characteristic function of the set V;,i =¢, f,b, s.
An appropriate application of integral theorems transforms (4.26) to the
Geselowitz formula [9,25]

B(r)_,uOQX r—ro

 4rm [r —ro3

Ho N r—r
W= ) el T )

c
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140 . r—r
_47'(' (Uf - Ub) \%Sf Uf(r/)l’l/ X ‘I‘ r/‘gd‘s(r/)
140 . r—r
oo =) f wa X7 )
140 . r—r
—4ﬂosﬁ us(r')n’ x v — I~/|k,j,.dt<5(r’) (4.27)

which holds for r € R® — S, U SruUS,USs.

From the physical point of view the Geselowitz formula (4.27) replaces
the volume distribution of current dipoles —oVu(r’) at each point ' in
the appropriate region, with a surface distribution of dipoles —(Ginterior —
Texterior ) U (T’ )ﬁ/ normal to the appropriate interface. Hence, interfaces sep-
arating regions of different conductivities are read as surface distributions
of normal dipoles, with moments that are proportional to the jumps of the
conductivity and the local value of the electric potential.

The corresponding Geselowitz formula for the EEG problem [24] is writ-
ten as

(r) 1 r—1rH
u(r) = .
dro, |r — 73
Oc— 0y oy T—7 ,
_ . ) d
4o, fgcu (r')n |r — /|3 s(r')
of — oy POV e o ,
_ . d
4o, %gf ug(r)m |r — 7|3 s(r)
0p — Og N AT T_rl /
_ . d
Aro, f:qb%(r " r—r'[? )
O oy T ,
— s . d 4.28
o i s (4.25)

which also holds for every r that does not belong to any one of the interfaces
Se, Sf,SporSs. We remark here that (4.27) and (4.28) are actually the vector
and the scalar invariants respectively of a related dyadic equation. Indeed, if
we consider for simplicity the case of a homogeneous conductor where

Oc=0fy=0,=05=0 (4.29)

and define the dyadic

D(r)=Q® |:__:0°‘3 - U?(Su(r')ﬁ/ ® " ds(r!) (4.30)
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with scalar invariant Sp and vector invariant V' p then, under (4.29), (4.28)
coincides with

1
u(r) = 471_0_5[)(7") (4.31)
and (4.27) coincides with
B(r)=""vpr). (4.32)
4

For the homogeneous conductor we have

1 T —To 1 POV 2 o /
= . — . d 4.33
u(r) 47TO'Q [r —ro|®  4m ?gu(r n |r — 7|3 s(r') (4.33)

and

o r—To  [loO nar T ,
B = — d 4.34
(r) 471_Q>< i — ro? i }iu(r NP ST s(r’) (4.34)

where in both formulae r ¢ S.

Obviously, the first term on the RHS of (4.27) and of (4.28) describes
the contribution of the primary current, while the integrals describe the con-
tribution of the induction current. These integrals carry all the information
about the geometry of the conductive regions. Hence, in order to calculate
the magnetic field we need first to find the traces of the electric potential on
the interfaces supporting the conductivity jumps. This behavior is a conse-
quence of the coupling between the electric and the magnetic field imposed
by the conductivity of the medium.

4.3 The Spherical Brain Model

Suppose now that the brain-head system is a spherical homogeneous conduc-
tor with radius o and conductivity o. Then the interior electric potential u™
solves the interior Neumann problem

cAu” (1) =Q - Vi(r —rg), Ir| < « (4.35)
Onpu” (1r) =0, |r| = a. (4.36)

Once (4.35), (4.36) is solved the trace of u~ on |r| = a is used to solve the
exterior Dirichlet problem

r| > o (4.37)
~(r), Ir| = (4.38)

[N

<

+

=

I

s o

uﬂﬂ=0<;), r — 4o0. (4.39)
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Furthermore, the trace of either v~ or u™ on |r| = « is used to calculate
the B field from (4.34). Of course the above program can be applied to any
homogeneous conductor, but as we will see in the sequel the sphere is an
extremely special case.

It is easy to see that v~ assumes the form

1 T —1T)
= . 4.4
dro 7 r —rol3 +wl(r) (440)

where w(r) is a harmonic function satisfying the condition

Dp(r) = — 1 9,Q T —To

4o

4.41
|r —7o? ( )

on the boundary |r| = .
Straightforward expansion in spherical harmonics leads to the solution

_ 1 n+1  rgr® o, _—
SCEIRRCE S RS o SRR G

n=1m=-n

(4.42)

for |r| < a, where # denotes the unit vector and the directional derivative
Q -V, depends only on the dipolar source. The complex spherical harmonics
used in the expansion (4.42) satisfy the condition

Y (#)Y (#)ds(#) = Sun O - (4.43)
SQ

with S? denoting the unit sphere and d,,» being the Kronecker symbol.
The series (4.42) can be summed as follows. First we use the addition
theorem

47 o e e o
2n+1 m;n Y (Po)Y," (P) = Pu(7 - 70) (4.44)
where P, is the Legendre polynomial of degree n, to rewrite (4.42) as

1 > 1 rhpn o
|r — 7o + Z <1 + n) agn-H Pp(7- ro)] . (4.45)

n=1

Then we show that the function

fp) = i ’;L Po(cosf),p < 1 (4.46)

n=1
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solves the initial value problem

pf'(p) = (1= 2pcosh + p*)~/% — 1
£(0) =0 (4.47)

which has the solution

1 —pcosf + /1 —2pcosh + p?

f(p)=—In 5

(4.48)

Finally, we can use the expansion

Z Z Ty ) (). (4.49)

|7"—7'0\ L 2n4 1t

Putting everything together we arrive at the closed form expression

1 1 al 1 rR+7r- R
~(r) = v, ~ N 4.50
u(r) 47raQ ’ |:P+7‘R a 202 (4.50)
where
P=r—mrg (4.51)
2
«
R = 2T (4.52)
which gives the boundary values
L 1 2 1, |ai —ro|+ 7 (af —rg)
= Vo . -1 . (4.53
u”(af) 47raQ 0 [|ar -1yl « . 2 (453)
Applying Q - V., in (4.50) and (4.53) we also obtain the expressions
B Q [P oR 1 Rr+rR
= . 4.54
u(r) Ao rR3+ozRRr+r~R frl<a (4:54)
and
L Q af —rg 1 |ad — ro|7 + (ar — 1rg)
u” (af) = : . . A . .
dro lai —rol®  alar — 1ol ot — 1| + 7 - (o — 70)

(4.55)

Obviously, the solution of the Neumann problem (4.35), (4.36) is unique
up to an additive constant, which we can take to be zero since the EEG
measurements are always potential differences from some reference point.
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Using the data (4.53) in (4.38) and following similar arguments as with
the internal potential u~ we can solve (4.37)—(4.39) and obtain

Q P 1 PrirP
r)=

= . 4.
Ao P3 rPPr+r-P (4.56)

u

for |r| > a. Obviously
Tlar) = u™ (o). (4.57)
An inspection of the solutions (4.54) and (4.56) reveals that besides the com-
mon term
Q P
dro  P3
which comes from the particular solution of Poisson’s equation for v~, and

from the boundary condition for u¥, the other two terms of 4~ and u™ are
connected by the Kelvin’s transformation [7]

u

@
T T (4.58)
Indeed, Kelvin’s theorem
Af(r) (T)E)Aaf o, (4.59)
> .
«@ r r2

shows that if f(r) is a harmonic function then the function ¢ f (‘:22 r) is
also harmonic. Hence, if we apply the harmonicity preserving transforma-
tion (4.58) we see immediately that the interior harmonic function

1 P Q a R 1 Rr+rR
- _ . — . 4.60
u™(r) 47TO'Q P3  drno |:7“ R3 +OzRRT+T-R] ( )
is transformed into the exterior harmonic function
1 P Q P 1 Pr+rP
+ _ . — .
) e ps T e {P3 rP Pr+r- P] (4.61)

and vice versa. That indicates that the above solutions can be interpreted
in terms of images as it was originally approached by two medical doctors

(1) [49].

If we introduce the function

1 A 1 1
Cdno T v —r3  4rmo
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Fig. 4.2 The spherical image system

which represents the electric potential due to a dipole at the point r¢ with
moment @, then we can easily justify that

u-(r)zsp(r)+‘;‘w (‘;‘;) +Z/:OO iu'/ (i\jr) d\ (4.63)

for |r| < a (Fig.4.2).

By virtue of reciprocity, formula (4.63) interprets the contribution of the
conductive medium, to the electric potential at the interior point 7, as the
electric potential at r¢ due to a dipole with moment — @ at the image

point “22 r, plus a continuous distribution of dipoles with moment —2*Q
I ar

at the image point ;\jr for every A € [a,+00),r < a. A straightforward
integration in (4.63) leads to (4.54).

Similarly, applying Kelvin’s theorem to the expression (¢~ — ¥) we obtain
the following representation for the exterior potential in terms of images

wt(r) = 20 (r) + 32 /a Y ( j; r) dx. (4.64)

for |r| > a.

Consequently, the contribution of the conductive medium to the electric
potential at the exterior point r is equal to the electric potential at ry due to
a dipole with moment —@Q at r, plus a continuous distribution of dipoles with
moments —iéQ at the point izr for every A € [, +00),7 > a. Performing
the integration in (4.64) we recover (4.56).

Next we turn to the exterior magnetic induction for the sphere which
represents magnetoencephalography. The behavior of MEG in spherical ge-
ometry is very unique for the following simple reason. If we consider the radial
component of B, given by (4.34), and we note that for n’ = #'

A x(r—7r)#=0 (4.65)
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we obtain R
o QX1

—7-B(r)= .
r-B(r) 4 |r —rol3

(4.66)
In other words, the radial component of the magnetic induction is indepen-
dent of the electric potential and therefore independent of the radius of the
conductive sphere. This observation allowed Sarvas [46] to calculate B out-
side the sphere in closed form, in the following simple way. Outside the sphere
B is both irrotational (since J = 0 there) and solenoidal [by (4.3)]. Hence
it is the gradient of a harmonic function ;U which we will call the scalar
magnetic potential

B(r) = 7(;VU(7~), 7| > a. (4.67)

4

Using integration along a ray from 7 to infinity and the fact that the magnetic
potential vanishes at infinity, we can write U as follows :

_ e 0 ’ ’_ +OOA ’ ’
U(r) =— U(r')dr' = — 7V U(r)dr

or’
dg [T, Foo dr’
_ P B(rdr' = .A/ , (4.68
Mo/r 7 B(r)dr = Qxro rr [P — 13 (4.68)
for r > a.
A straightforward calculation gives
+o0 /
dr r
= 4.69
/T [r'r —rol>  F(r,ro) ( )
where
F(r,ro) = |r —rol[|r||r —7ro| + 7 (r — r0)] (4.70)

and therefore the magnetic potential assumes the form

Qxry-r
Ulr) = 4.71
™) = ) (471)
and the magnetic induction is then given by
po Qxro =
B(r) = I - V|F
(r) A F2(r, 1) [ r @ V]|F(r,ro)
po @ Xro o Q@xro-T
= — F 4.72
Ar F(r,ro) 4w F2(r,ro) VE(r;mo) (4.72)
where T is the identity dyadic and
VE(r,ro) = |r —ro| (|| + |7 —7o|) 7
e —rol? 4 2rfr —ro| - —rg] | ° L (473)

|r —ro|
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P

Fig. 4.3 The path integral for the calculation of the magnetic potential

Note that the only two vectors involved in the expressions for U and B arer
and
P=r—mr (4.74)

which specify the observation point with respect to the center of the
conductor and to the source point ¢, respectively (see Fig.4.3). In terms of
r and P (4.71) and (4.72) are written as

Px P
Ur)=Q- P +;~.j3) (4.75)

and

_ o @x(r—P) Mg, rx P
AT yrP2(1+7-P) 477 P21+ P)?

XKHI:)H(H]:M-P)P] (4.76)

which is also written as

B(r)

o Q@x(r=P) e U(r)

. r+ P
= N P+
4t rP2(14+¢-P) 47 P

B(r) 149 B) (++P)| (4.77)

where we remind that the wedge on a vector means that the vector has unit
length. The magnetic potential U, as well as its expansion in exterior vector
spherical harmonics, was first obtained by Bronzan [2], but it was rediscovered
in the framework of MEG by Sarvas [46]. All of the mathematical theory of
magnetoencephalography for the spherical model of the brain, for the last 20
years, is founded on the Sarvas solution (4.71), (4.72).
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Closing this section for the sphere we expand the magnetic potential in
terms of exterior spherical harmonic functions. In fact, it is not easy to expand
the form (4.71) of U, but we can rewrite it as

[T dr’
U(r):ero-r/T i — o

ToO Wp — g dr!
=Q xro- .
T

[P’ —rol3 7’

Foo 1 dr’
ZQXT‘O'VTO s ,
- |r'# —ro| T
1
dt
= Q X T'Q'V»,-O
o |r—tro|

> (tro) N
—QxryV /z RO

—Qxre-V ZHWH (i - 70) (4.78)

where we have used the transformation r’ = r/t.
In view of the addition theorem, (4.78) is also written as

Ur) = eronZ:E: n+ggn+nrﬁdym@@x¢®(4m)

n=1m=-—n

where Y, are the normalized complex spherical harmonics. Note that

Wﬂ20<2)rﬂw (4.80)

r

and the angular differential operator Q x r¢-V,, depends only on the dipolar
source. Interchanging the algebraic operations in this triple product operator,
and using the fact that

o X VTOYT?L(TAO) = C?(T‘Ao) (481)
where C' is the indicated vector spherical harmonic we can rewrite (4.79) as
’/‘6L m”* oo m(s
c Y, . 4.82
- ;mz (n+1) 2n+1)r”+1 n (ro)Y," () (4.82)

From (4.82) we observe that the source of U is expressible only in terms
of the vector harmonics C,'. Therefore, in accord with the result obtained
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in [20, 21] for the sphere and in [5,17] for any star-shaped conductor, the
part of the current that is needed to generate U lives only in the subspace
spanned by {C"}, while the part that lives in the orthogonal complement of
this subspace is magnetically “silent”. In other words, the null space of the
MEG sources is “twice” as large as the space that can actually be detected
outside the head. As was proved in [17], this result is characteristic of the
physics of the problem and has nothing to do with the extreme symmetry of
the sphere. Obviously, formulae (4.67) and (4.82) provide the corresponding
spherical expansion for the magnetic induction field.

Finally, two important observations are: (a) any dipole with a radial mo-
ment Q is magnetically “silent”, since @ x ry vanishes and therefore no
magnetic field can be detected outside the sphere, and (b) the magnetic po-
tential U and therefore also B, are independent of the radius of the sphere,
so that the extent of the conduction region is also “silent” for the case of the
sphere.

4.4 Elements of Ellipsoidal Harmonics

In an anisotropic space the ellipsoid plays the role that the sphere plays in
an isotropic space. This is the reason why the ellipsoid appears so naturally
in so many apparently unrelated areas in Science and Mathematics. We just
mention here the ellipsoid of inertia, the gyroscopic ellipsoid, the polariza-
tion ellipsoid, the diagonal form of any positive definite quadratic form, such
as the energy functionals, or even the shape of the celestial bodies, and the
brain itself. Besides its role in the study of anisotropic domains, the ellip-
soid provides a very good approximation of any convex three-dimensional
body. The ellipsoid, being a genuine 3D shape, gives rise to mathematical
problems that are much harder than the corresponding 1D problems asso-
ciated with the sphere. The theory of ellipsoidal harmonics [30, 37, 48] is
a fascinating theory with very elegant structure and a plethora of applica-
tions, which unfortunately is not so well spread today, perhaps because of
its demand for calculational techniques. For this reason we will present here
the basic background needed to solve boundary value problems in ellipsoidal
geometry. The theory of ellipsoidal harmonics, as well as the theory of curvi-
linear coordinates, was introduced by Lamé in a series of papers published
in the first half of the nineteenth century [30], during his efforts to solve the
problem-of temperature distribution within an ellipsoid in thermal equilib-
rium. Then, during the following 70 years, through the basic contributions
of Ferrers, Heine, Niven, Lindemann, Dixon, Liouville, Stieltjes, Whittaker,
Hermite, Hobson and others [30,48] the theory was shaped essentially in the
form that is available today. Although many theoretical results on Lamé func-
tions exist in the literature, from the applied point of view, there are still open
problems that need to be settled. For example, the separation constants that
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enter the Lamé functions of degree greater than three are not explicitly know,
and a closed form expression for the normalized constants of the surface el-
lipsoidal harmonics is known only for degree less or equal to three [8,18,36].
Even more useful would be the development of general formulae that would
allow the transformation of harmonics from ellipsoidal to spherical coordi-
nates and vice versa, although approximate and inconvenient expressions of
this kind do exist in the literature.

In order to introduce a spherical system, all we need to do is to pick up
a center, from which all radial distances are determined, and to specify the
unit sphere, from which all orientations are specified by its points. A confocal
ellipsoidal system is defined also by picking up a center, but instead of the
unit sphere we now need to specify a fundamental ellipsoid

x? 22 2l
bt ot =1 (4.83)
ol a5 o

with 0 < a3 < g < a; < +00, which introduces the confocal characteristics
of the system as we will explain in the sequel.

The ellipsoidal coordinate system is based on the following observation.
The quadratic form

=1 (4.84)

defines a family of:

(i) ellipsoids, for A € (=00, a3)
(ii) 1-hyperboloids (hyperboloids of one sheet), for A € (a3, a3)
(iii) 2-hyperboloids (hyperboloids of two sheets), for A € (a3,a?).

For A > a? (4.84) defines an imaginary family of surfaces. For A = a3 the
ellipsoid (4.84) collapses to the focal ellipse

i 3

2 2 2 2

=1 (4.85)
ay—az a; —aj

while for A = a3 it collapses to the focal hyperbola
22 22

2 2 2 2
af —a; a3 —aj

=1. (4.86)
The focal ellipse and the focal hyperbola provide the “back-bone” of the
ellipsoidal system and play the role of the polar axis of the spherical system.
It can be proved [30] that the cubic in A polynomial (4.84) has, for every
point (x1, xa,x3) with 212023 # 0, three real roots Ay, A2, A3 such that

—0< A< a3 <A <as<A<ai (4.87)
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This 1-1 correspondence between points (z1,z2,23) € R3 and roots
(A1,A2,A3) in R? defines the ellipsoidal coordinate system, so that from
(x1,x2,23) there pass exactly one ellipsoid, one 1-hyperboloid and one
2-hyperboloid. All these three families of quadrics are confocal and they are
based on the six foci

(£hs,0,0), (£hs,0,0), (0,+h4,0)
where the semifocal distances are defined as
hi = a3 — a3, hi = a2 — a3, hi=a? — a3 (4.88)

Obviously, the foci of the focal ellipse are (+hs,0,0) and its semiaxes are hs
and hi, where h; < he and hs < hsy. Figure 4.4 depicts the six foci, the
semiaxes of the fundamental ellipsoid (4.83), the focal ellipse (4.85) and the
focal hyperbola (4.86).

In Fig. 4.5 the three coordinate surfaces of the ellipsoidal system are shown
separately.

The Cartesian planes x1 = 0,25 = 0,23 = 0 intersect any one of the con-
focal quadrics either in an ellipse or in a hyperbola which are called principal
ellipses and principal hyperbolas of the corresponding quadric.

ho

Fig. 4.4 The focal ellipse and the focal hyperbola
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ellipsoid 1-hyperboloid 2-hyperboloid

Fig. 4.5 The ellipsoidal coordinate surfaces

The standard ellipsoidal coordinates are denoted by (p, i1, v) where
P =a3 — s, p?=ai — g, vi=al -\ (4.89)

and they are related with the Cartesian coordinates by

1
L= PV
1
ve= o P W = B3y — 2
1
o~ Vo2 = 33— 2 /ng - w2 (4.90)
1762
where
0< 2 <hy<p? <hs<p’ (4.91)

The coordinate p specifies the ellipsoid, the coordinate p specifies the
1-hyperboloid and the coordinate v specifies the 2-hyperboloid that pass
through any generic point in space. The ellipsoidal system is orthogonal and
it forms a dextral system in the order (p, v, ). Nevertheless, it is historically
established to write the ellipsoidal coordinates in the order (p, i, v), perhaps
since this order corresponds to successive intervals of variation of the coor-
dinates p, u and v as it is seen in (4.91). As far as the sign conventions that
identify points in different octanes are concerned, we can avoid them if we
use the symmetries of the fundamental ellipsoid which allow us to work only
with points in the first octant, where all three coordinates are positive.

Inversion of the expressions (4.90) to obtain p, u,v in terms of x1,x9, 23
leads to complicated formulae [23] since they are roots of irreducible cubic
polynomials.

The Gaussian map on the ellipsoid

2 a2 22

+ + =1 4.92
p? " p2—hE " p? — h2 (4.92)
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gives the outward unit normal

3
> %
2—a1+oz

pz:lp

and similarly for the 1-hyperboloid

we obtain

2 2 2
x7 . x5 . r3 1
v v —h3 2 — hZ
we obtain
3
N 1% Z; o
p= >
2 2 2 Li
h, —ri-om +

where the metric coefficients h,, h,, h, are given by

B2 = (" =) (p* = v?)
P (= 1)~ 1)

2 = (W =v)(p? = p?)
fo (= hE)(p? — h3)

e _ 2= =)
T -k - 1)

153

(4.93)

(4.94)

(4.95)

(4.96)

(4.97)

(4.98)

(4.99)

(4.100)

Although simple and smooth as a surface, the ellipsoid is highly non
symmetric. In fact, its transformation group contains only eight elements,
three rotations around the principal axes by m, three reflections with re-
spect to the principal planes, one inversion with respect to its center and of
course the identity transformation. Compare with the spheroids that have
a one-parameter group of transformations and with the sphere that has a

two-parameter group of transformations.



154 G. Dassios

Laplace’s operator in ellipsoidal coordinates reads

_ 1 2 12y 2 12 0 2 12 12 9
A - (pz _ HQ)(,OQ _ VQ) [(p h3)(p h2)6p2 + P(2P h3 h2)6p
1 0? 0
+('u2 _ 92)(M2 _ VQ) |:(:u’2 - hg})(NZ - h%)@ﬂg +:u(2:u’2 - h‘% - hg)@ﬂ:|
1 0? 0
+(u2 )02 — ) [(1/2 —h3)(V? — h%)ay2 +v(2v? — h3 — h%)ay}

(4.101)

and it is remarkable to recognize that, although each one of the metric co-
efficients h,, by, h, with respect of which the Laplacian is expressed involves
four square roots, in the final expression of the Laplacian no square roots are
involved. Instead, all six coefficients are rational functions of p, , v involving
the two independent semifocal distances hs, hy. The semifocal distance hy is
related to hs, hg via

h? = h3 — h3. (4.102)

A simple observation shows that, in its standard form, (4.101) is not sepa-~
rable. Nevertheless, Lamé, using an ingenious transformation and some tricky
manipulations [30], managed to actually separate Laplace’s equation in ellip-
soidal coordinates and he showed that the dependence of the solution on
each one of the (p, u, ) variables is governed by exactly the same ordinary
differential equation

(z* — h3)(@* = h3)y" () + x(22® — h3 — h3)y' (x)
+[(h2 + h2)p — n(n + Da2ly(z) =0 (4.103)

which is known today as the Lamé equation. A series of basic arguments
leads to the form (4.103), where n =0,1,2,... and p € R are the separation
constants. The particular choice of n is guided by the demand to obtain
polynomial solutions, just as we do with the spherical case, and it can be
proved [30] that for each n there are exactly (2n + 1) real values of p for
which the corresponding solutions of (4.103) are linearly independent. The
calculation of these 2n 4 1 values of p is the biggest problem in obtaining
closed form solutions of ellipsoidal harmonics. Without being technical, we
can say that the values of p come as roots of four different polynomials for
each n and, of course, their degree increases with n. In fact, up to n = 3 we
only need to solve no higher than quadratic polynomials, up to n = 7 we
need to solve polynomials up to the fourth degree, and for n > 8 we need
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to solve polynomials of degree greater of equal to 5. Hence, in principle, the
only ellipsoidal harmonics we know in closed form are the 64 harmonics that
correspond to n < 7.

Using the Frobenious method to obtain series, and then polynomial, so-
lutions of the Lamé equations we are lead to four different classes of Lamé
functions which are known as K, L,M and N classes. Each class contains
functions of the following structure:

K(z) = 2" + 12" % +aga” ™ + - (4.104)
L(x) = \/\r2 — W3 (" bz ) (4.105)
M(z) = \/W = B3l e ) (4.106)

N(@) = /la? — B3ly/la? — BI(a"2 + dra™ 4 -). (4107

Note that the above polynomials, depending on n, are either even or odd,
and that they end either with a linear or with a constant term. So, the only
difference of the Lamé functions in the variables (p, u,v) is their domains,
which, for solutions of Laplace’s equation in the first octant, are

ho < p < +00, hs < pu < ha, 0 <v<hs. (4108)

If we enumerate the constants pi,pa, ..., pont1 and denote the Lamé func-
tion that corresponds to (n,p,) by EI(x), then we define the ellipsoidal
harmonics of the first kind (interior harmonics)

B (o, s v) = B () B () B (v) (4.109)

forn=0,1,2,...and m=1,2,...,2n + 1.
The ellipsoidal harmonics of the second kind (exterior harmonics) are de-
fined as

3 (p,psv) = F () B3 () B (v) (4.110)

where F"(p) is the second linearly independent solution of (4.103) which can
be obtained by using reduction of order once E*(p) is known. This leads to

+o00 T
EY(p) = (2n+ DEZ(p) [ ! (4.111)

o B (2)]2V/2? — h3y/a? — 3

so that all exterior ellipsoidal harmonics are given in terms of elliptic integrals
[48]. Tt is of interest to observe that as p — oo

F™(p)=0 (p:H) (4.112)
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so that as p increases and the ellipsoids tend to become spheres, the Lamé
functions F coincide with the radial dependence r~("*1) of the exterior
spherical harmonics. On the other hand, as p — hg, i.e. as the ellipsoid
degenerates to the focal ellipse, not all of F"’s tend to infinity as it can be
seen for example by

Foo dx
ha /22 —h3\/22 — h3

which is a nonvanishing convergent improper integral. This peculiarity of
the ellipsoidal system is not shared with the spherical system where every
exterior harmonic is singular at the origin. It is customary to define the
elliptic integrals

Fy(hg) = (4.113)

N dx
I (p)—/p B ()2 o — R B (4.114)

so that
' (p) = (2n+ DET (0)I(p). (4.115)

If we rewrite the Lamé equation (4.103) in the form

d d
2 _ K2 2 _ K2
de [\/x hg\/x hy dxy(x)]
h3 + h% n(n+1)x?

Vat b3 /at B3 \Ja? B3/ h

where for the case of the ellipsoid x = p, we see that we have to deal with a
singular Sturm—Liouville problem where p is the eigenvalue parameter and

_|_

] y(x) =0 (4.116)

h3 + h3
Va? = h3/a? — b
is the weighting function of the associate inner product. Consequently, all the

eigenvalues p are real and eigensolutions corresponding to different eigenval-
ues are orthogonal. Furthermore, the eigenvalues are ordered as

w(z) = >0 (4.117)

0<p1 <p2 << pPapr1 —> OO (4.118)

and the set of all eigensolutions forms a complete set with respect to the
associate inner product.

The theory of ellipsoidal harmonics has also been developed by Niven
[30,48] in the framework of the Cartesian coordinate system and the obtained
expressions are particularly symmetric and elegant. Nevertheless, the problem
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of calculating the separation constants remains open in the Cartesian forms
too. Note that this problem does not appear in the case of spherical harmonics
since there, the second separation constant assumes the values

m=-n,—n+1,...,0,...,n—1,n (4.119)

which are imposed by the 27-periodicity condition in the azimuthal angle.
So, moving from the degree n to the degree (n + 1) we keep the previous
(2n + 1) values of m and we add two more, the values £+(n + 1). But, for the
ellipsoidal harmonics, as we move from the harmonics of degree n to those of
degree (n+1), none of the (2n+ 1) p-eigenvalues for n remains a p-eigenvalue
for (n+1).

We are not going to discuss here the theory of ellipsoidal harmonics in
Cartesian form. Instead we are going to give the ellipsoidal harmonics of
degree less or equal to 3, both in ellipsoidal and in Cartesian form, as ready-
to-use building blocks to construct solutions of boundary value problems
for the Laplace’s equation in domains interior or exterior to a fundamental
ellipsoid.

It is important to understand here that, in contrast to the spherical case,
where given a center there is only one spherical system with this center, for
the case of the ellipsoid, there are infinitely many ellipsoidal systems with
the given center. This is due to the fact, as we mentioned earlier, that in
order to define an ellipsoidal system we need to specify its center as well as
the position of its six foci, which for the spherical case they are all located at
the center. Hence, in order to be able to solve any boundary value problem
we need to choose the ellipsoidal system in such a way as to fit the actual
boundary by choosing a particular value of p. This is secured if we use the
boundary of our domain to be the fundamental ellipsoid (4.83) and construct
the ellipsoidal system that is based on it.

The ellipsoidal harmonics of degree 0 are:

Eg(p, pv) =1 (4.120)

Fo(p, 1,v) = 15 (p)- (4.121)

The ellipsoidal harmonics of degree 1 are:

El(p, p,v) = ppv = haohzry (4.122)
3o, s v) = \/p% — h3\/u2 — h3\/h3 — v2 = hihgxs (4.123)

E3(p, i, v) = \/p* — h3/h3 — pi2\/h3 — v2 = hihows  (4.124)

FT(p, p,v) = 3ET (p, p, v)IT (p),m = 1,2, 3. (4.125)
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The ellipsoidal harmonics of degree 2 are:

EL(p.0) = (0 = of 4 ) = o+ )07 - o 4 )

= (A= a?)(A—a2)(A—a?) ZA_a (4.126)
E3(p, p,v) = (p* — i + A)(1* — o] + A')(v? — af + A')
3 2
X
= (A — a2)(A — a2)(A — a2) ZA,_ZQ2+1 (4.127)
i=1 4

E3(p, 1, v) = pr/ p% — h3pn/p2 — hgu\/hg —v2 = hyhoh3z1 20 (4.128)
E3(p, 1, v) = ,0\/,02 — h%u\/hg — uQV\/hg —v2 = hyh3hsx 23 (4.129)

5(p, v \/p —hz\/p —hz\/u —h2\/h2 1 \/hz—lﬂ\/iﬂ—y?

= h%hghg.’l)g.’l)g (4130)
Fo (p, p,v) = 5ES (p, u, v) I3 (p),m =1,2,...,5 (4.131)

where the constants A, A’ are the two roots of the quadratic

1
> L2 =0 (4.132)

Finally the ellipsoidal harmonics of degree 3 are:

B3 (p, p1,v) = p(p* — of + A)u(p® — of + A)v(v? — af + Ay)

x
= haha(A = af)(A1 —ad) (A —af)e |} | T 5 41 (4138)
i=1 g
E2(p, p,v) = replace A; by A} inE} (4.134)
E3(p, p, v \/,o — h3(p a?-ﬁ-/lg)\/u?—hg(uz—af—k/lg)
x\/hS —12(1? — a2 + Ay)
3 2
o
= hihs(As — 0f) (A2 — a3)(Az — a3)za | Ay ROPRSINCRED
i=1 i
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E3(p, u, v) = replace Ay by A} in E} (4.136)
HINRY \/,o —h3(p? — a? + A3) \/h2 2(u? — o + A3)
X\/h% —12(1% — af + A3)
B 2
= hiha(A3 — a?)(A3 — a2)(A3 — a)x3 ; " a1 (4137)
ES(p, u, v) = replace Az by A% in E} (4.138)
ES(p, p,v) = p\/p2 - hﬁ\/p2 - h%u\/u2 - h%\/h% - M2V\/h§ - V2\/h% — v
= hih3hiz z0m3 (4.139)
F5 (p, p,v) = TES (p, p, v) I3 (p),m = 1,2,...,7 (4.140)
where Ay, A} are the roots of
2
=0 4.141
Z /11 — Oé /11 — a% ( )
Ay, A} are the roots of
1 2
=0 4.142
;Ag—a?+/12—04§ ( )
and As, A§ are the roots of
Z 2 o (4.143)
/13 — Oé /13 — Oé?))

The surface ellipsoidal harmonics {E(u)ED (v)}n,m form a complete or-
thogonal system over the surface of every ellipsoid p = pg with respect to the
inner product

(f(u,V),g(u,V))Zf: f(uw)g(u,V)\/ dol,v) (4.144)

g — 12/ pf — V2

That is forn =0,1,...and m=1,2,...,2n+1
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m m m’ m’ dS(/j,, V)
% E E(v)E) 7 (v
= n (:U’) n ( ) n (:U’) n ( )\/,0% [LQ \/,0% 2 (4 145)

where the normalization constants v,/* are not in general known, but for n < 3
they can be computed via a long and tedious procedure that finally leads to
the following values [10]:

’Ym(snn/émm’

S — (4.146)
. 4; h2h2 (4.147)
2= 4; h2h2 (4.148)
= 4; h2h2 (4.149)
= =T (A= A= ad)(A - D) - o) (4.150)
B= T (A )~ D) ad)(A ~ o) (4.151)
v = 15 T h2n2ns (4.152)
v = 15 T h2hn3 (4.153)
%= s T hinzng (4.154)
" = 8”h2h2<A M) — D) (A — D) (A —ad)  (4155)

= SRR — A — oD~ ad)(4 —ad)  (4.156)
8
9 = = Rz — A)(Az — 0d)(As — ad) (42 — ) (4.157)
8T
o = SRR (e = Ay)(4 — a})(Ay — o)Ay — af)  (4158)
8
9§ = = (s — A)(As — a3)(As — ad)(4s — d)  (4.159)
8T
98 = TR (s — AL (M — aD)(M — aB)(My —ad)  (4160)
7 47474
h hohs. 4.161
V3= 105 ( )
As we mentioned above these form of ellipsoidal harmonics can be used to
solve many boundary value problems, essentially in the same way we solve

spherical boundary value problem, as long as no harmonics of degree greater
than 3 are necessary.
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4.5 EEG in Ellipsoidal Geometry

Complete analysis of the content of this section can be found in [11, 16,27,

32,33,36]. The direct electroencephalography problem for the homogeneous
ellipsoidal conductor

2 2 2

x{ x5 23

ot 5 F

=1 4.162
a? o} aj ( )

where 0 < a3 < as < a3 < 400, which is excited by a current dipole
of moment @ at the interior point 7 is stated as follows: find the interior
electric potential u~ that solves the Neumann problem

cAu”(p) =V -Qi(p — py), p € [h2,0n) (4.163)
dpu(p) =0, p=o (4.164)

where p = (p, u, ) is the position point and p, = (po, f0, Vo) is the location
of the dipole expressed in ellipsoidal coordinates. Obviously, pg € [ha, a1).
Since the fundamental solution

1

Glrirg) = —
(r; 7o) Ar|r — ro|

(4.165)

solves the equation
AG(r;rg) =0(r —79) (4.166)

we can easily identify a particular solution of Poisson’s equation (4.163) in

the form
1

1
0 = -V , 4.167
Ug (p) 47TO'Q 0 |,’, _ 7‘0‘ ( )
where p is the point r expressed in ellipsoidal coordinates. Note that the

directional differentiation @ - V., depends only on the dipolar source. Then,

1 1

"0 |p — 1y

+ w(p) (4.168)

where w is an interior harmonic function satisfying the boundary condition

1 1

8pw(p) = — ﬂ'o'ﬁpQ . Vro ‘r 7

A (4.169)

on p = a1. Expanding (4.165) in ellipsoidal harmonics we obtain

1 oo 2n+1 A 1
- EY (o) 4.170
|r — 7| 7;)1712:1 2 +14m n (Po) L (p) ( )
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which holds for p > po. In (4.170) the constants +;;* are given by (4.145),
E™(p,) are the interior ellipsoidal harmonics evaluated at the position of the
dipole and IF}"* (p) are the exterior ellipsoidal harmonics evaluated at the field
point p. Note that the particular expansion (4.170) holds all the way to the
boundary p = a3 and therefore it can be used to calculate the coeflicients of
the interior expansion

oo 2n+1
wip) =3 S WED(p)ha < p<en (4.171)

n=0 m=1

of the harmonic function w.

Since
(2n+1)
OpEy (p) = 2n + 1)(0,E7" (p) I (p) — (4.172)
’ ’ Vp? = 13/ p* = B3E (p)
it follows that
Q VEI (p,) 1
byt = " - I« 4.173
gl a3 B (ar) B (o) () ( )
for n > 1, while since
Q- VE}(py) =0 (4.174)

the constant b} is undetermined, in accordance with the fact that the solution

of the Neumann problem (4.163), (4.164) is unique up to an additive constant.

Since EEG measurements are always potential differences we can take by = 0.
Finally, the electric potential is given by

oo 2n+1

Z Z (Q-VE(py))

1 m
{I (1) + agagEZ{’(m)E,T’(al)} " (p) (4.175)

which holds near the boundary, p € (pg, 1), or by

1

Ao

oo 2n+1 1
+ 47TZ Z (OéQOégEm(Oél)Em (al) -1, (a1)> E; (pO)En (p)

nlml

1

o= Q|

(4.176)
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which holds everywhere inside the ellipsoid, p € [ha, 7). The elliptic integrals
I are given in (4.114).

It is of interest to write the solution (4.175) in terms of Cartesian coor-
dinates. We do this for the n = 1 and the n = 2 terms of this expansion.
To this end, we first calculate the action of the source dependent operator
Q -V, on the source dependent eigenfunctions E',n =1,2,...

Q - VED(py) = hihahs gm,m =1,2,3 (4.177)
3 Ql‘ i
Q- VE}(py) =2(A-ad)(A-af)(d—af) Y 7 (4.178)
i=1 ?
Q- VE3(py) = 2(A' —a)(A' = a3)(4' —a3) > A az (4.179)
i=1 ?
Q - VE3(py) = hiha2h3(Quzoz + Qa01) (4.180)
Q - VE;(py) = h1h3hs(Q1z03 + Qsz01) (4.181)
Q- VES(PO) = h%h2h3(Q2I03 + Q3z02). (4.182)
Furthermore,
E'(on) = am (4.183)
«

B (en) = (4.184)
Ej(an) = A (4.185)
B3 (1) = 201 (4.186)
E3(oy) = A (4.187)
EZ(ay) = 2mm (4.188)
BY M (an) = 712 (4.189)

! a1 1 1 1
BT (o) = anoz03 Lr? + o2 + 2 afn] (4.190)

form=1,2,3.

Finally inserting (4.177)—(4.190), (4.122)—(4.124), (4.126)—(4.130) and
(4.147)~(4.154) in (4.175) we obtain

3
— 3 m m 1
SR DY L ST RS TR [
5 (A—a%)(/l—a%)(/l—a%) 1 1 1
" 4ro A— A I3 (p) = I2(on) + 2darasas
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Qk%k
x ZA e
k= 1
+ 5 (A/_O‘%)(A/_a%)(/l/_a%) I2( )_1—2(a )+ 1
4o A— N 2P 2 ! 2/1’&1&20(3
3 3
QrTok z2,
+1
+15 -13()—13(04)4- ! -(Qx + Qax01)1%
dno | 2(p 2(a1 alagag(a%+a§)_ 1202 2201 )T122
+15 -14()—14(04)4- ! -(Qx + Q3z01)1%
dno | 2(p 2 (a1 alagag(a§+a§)_ 1203 3201)T173
+15 —15()—15(a)+ ! _(QZE + Q3z02)T2T
dno | 2(p 21 alagag(a§+a§)_ 2703 3%02)T2T3
+O(e13),po <p<og (4191)

where O(el3) stands for ellipsoidal terms of order greater or equal to three.

Remarks. Comparing the expression of u~ in the ellipsoidal and in the
Cartesian system we observe that although the ellipsoidal system provides
a more compact representation it is actually the Cartesian form that re-
veals the symmetries of the geometry. This behaviour reflects the symmetric
way that the Cartesian coordinates enter the defining equation (4.162) as
opposed to the ellipsoidal system where the surface (4.162) is defined by
p = a1, an equation that involves only the p-component of the system.
Furthermore, expression (4.175) is more compact since the p, the p and the
v dependence enter through the same Lamé functions, which are hidden
within the ellipsoidal harmonics [E" together with their dependence on the
separation constants.

In order to appreciate the peculiar way in which results in the ellipsoidal
geometry reduce to the corresponding results for the sphere, we try to recover
the spherical expansion

e o )@ (3 D)
s (3 + ‘:f) (Q - 7)(ro - 1) + Olsps), (4.192)

droa® \ 2

where 7o < r < a and O(sp3) stands for multipole spherical terms of order
higher or equal to the octapole, which comes from the expansion of (4.42). It



4  Electric and Magnetic Activity of the Brain 165

is trivial to see that as oy — a, as — a, a3 — « we obtain

hl — 0, h2 — 0, h3 — 0 (4193)
A—a? A — a? (4.194)
p—r, p—0, v—20 (4.195)
and
1 1
Ip) - I7(ar) — (4.196)

(2n + 1)rGn+1)’ (2n +1)aCr+1)
but these do not help to find the limits of the undetermined ratios coming
from the E} and IE2 terms in (4.191). The reason is that in the limiting process
(a1, 9,a3) — (a,a,a) we deal with three unspecified rates of convergence
which control the limiting values of the undetermined ratios.

In order to obtain a unique limit we need to perform some algebra before
we go to analysis. Indeed, by straightforward calculations we obtain

Es(p,pv) E3(p, i1, v)
AA=A)A=a2) ~ A(A= )N —a2)
a?aa?
A+ A — wm A=A 1— 23
AA/ZZ‘[ + A —aZ — a2, +30um(a? )|+ 02 AN
(4.197)
Ej(p, 1 v)3(p)  E3(p, 1, v) 13 (p)
(A-A)A=az) (A=A) A —0a3)
2 2 2
= (7“2—33:2”—1—0[?”—a1+052+a3)1§(p)
E3(p, p,v) |3 1
+j/('0””) L3 (p) - 212 /2 12 2 0 VA — a2 L o2
- 2 20\/p? — h3\/p? = h3(A =} + p?)(A — aF + p?)
(4.198)
where
E3(p, uv) _

l 2
A —of

]EZ
200KV (40— a) (a3~ ) + (A — 0d)(a? — ) + (4 — o)A — o)
]
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EZ
20017 (A~ 03) (0~ a3) + (A~ a3)a? — 23) + (4 — ad) (4’ — )
- 93

(4.201)

and
dt

“+o0
II(p) = .
3(p) /p £2(42 — h2)3/2(2 — h3)3/2

Since the RHS of (4.197)—(4.201) are now continuous functions of (aq, ae, as)
at the point (a, a, ) the necessary limits are obtained by simple evaluation.
Then it is straightforward to check that as «; — « expression (4.191) reduces
0 (4.192).

Note that the result (4.192) involves ordinary inner products among the
vectors @, 1o and r. In fact, the same is true for the expression (4.191) but
we now have to do with weighted inner products with weights that vary from
inner product to inner product such as

(4.202)

X
/ka_ o 211 (a1)Qrxk-

These variable weights bring all the difficulties into the problem, since in
every case we have to find the appropriate weight for each particular inner
product. The anisotropic character of the ellipsoidal geometry is reflected
precisely upon these weighted inner products, which establish the directional
characteristics of the space in a non uniform manner.

In a similar way, we can solve the exterior EEG problem

Aut(p) =0, p>ay (4.203)
ut(p) = f(u,v),p = (4.204)
ut(p)=0 <p12) ,p — 00, (4.205)

where the Dirichlet data f(u,v) are given by (4.175) evaluated at p = a,
oo 2n+1

SR DD SN AT AU

nlm

The solution of (4.203)—(4.205) is given by

oo 2n+1

Q- VE ( 0) m
ut(p _mmzz B e P )Fn(p) (4.207)

for every p > ag.
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For the sake of completeness we give the electric potential for the real-
istic case of the ellipsoidal model, with three confocal shells of different
conductivity, corresponding to the cerebrospinal fluid, to the bone (skull)
and to the skin (scalp), surrounding the cerebrum tissue in this order [27]. In
fact, we have to solve the multilayered transmission problem (4.15)—(4.24),
where p = ¢; specifies the boundary S, of the cerebrum, p = f7 specifies the
outer boundary Sy of the region occupied by the cerebrospinal fluid, p = by
specifies the outer boundary S, of the skull and p = s; specifies the outer
boundary Sy of the scalp.

If (61,62,63), (fl, fg, fg), (blvbg, bg) and (81, S92, 83) denote the semiaxes
of the ellipsoidal boundaries S, Sy, S, and S, respectively, then because of
confocality we have

W=c—d=f]—f5=b—-0=s—s (4.208)
h3 = ci - 03 fi=fi=bi—b5=si—s5 (4.209)
h?’) = - =fi—f3 =0 —b5=si—s5. (4.210)

We introduce the functions

I (z,y) = I () — I (y) =/y B ()2 dj 2 (4.211)

Syt = By (s1) By (s1)s283
By = B (b)Y (b1)babs
B = EX(fOEY (fi) f2fs (4.212)
O = By (e1) By (e1)eacs

Then the potential for the exterior to the head region is given by

oo 2n+1
M) 1 1 Q- VED(p)
" E™(p,u,v),p > 4.213
ZZL{T 51 Smngn ym n(PMV)P S1 ( )

n=1 m=1

for the skin region by

oo 2n+1

1 VE
) = u(sy —1—221”‘;),51 Q ym (Po )E?(p,u,y),b1<p<sl

n=1 m=1

(4.214)
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for the scull region by

up(r)
oo 2n+1
1 Gan VE
s(b1) I (p,b1)
1 —|-nzlmzl (p,b1) Ggr,Ln ym
for the fluid region by
ug(r)
oo 2n+1
1 Gy, VE”
SCARD PO SE AR et

n=1m=1

G. Dassios

(pO)Em(p,u, V), f1<p<b
(4.215)
( )]E?Lpb(p7ﬂal/)7cl<p<fl

(4.216)

and finally for the region occupied by the cerebrum by

oo 2n+1

ue(r) =

n=1 m=1

fle +ZZImP,1 L Q-VE;

Yn'

w0 (1), < .

(4.217)
The constants GT',,, G3',, and G%',, are given by
m gyt (o —o) (IMs)+ - — T ) Bm (4.218)
T =00+ (0 =) (I (brsi) + g = g | B .
2 = Of
o —on) (1) + g = oy ) E
of — Op n \J1,51 S;L" FTT n
+( ) Lt (bys1) + ! ! B
Op — Og n \01,51 SZL” B:ln n
(a7 = ab)(o6 = 5) m 1 1
b b - B F"
+ o L7 (f1,b1) (181)+Sﬁn Bm ) n
(4.219)
and
s = Oc
oo —op) (IM(ers)+ o =+ )om
Oc—0 €1, - o
P s o
o =) (I s) + gy = o ) ED
of —0op) | 1, (f1,51 sm ~ pm ) n
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1 1
— o) ( I™(by, - B"

+(UC_Uf3§Uf_Ub)IyT(C1,f1)( n (f1,81) + - . )chm
+(Uc - Ufgiab =) I (c1,01) (I:Ln(bhsl) Bl,T) B
+(Uf_ab()7£0b_a ) n (f1,01) < n (b1,51) + B})B;"F;L"
+(Uc_af)(aj;;:b)(ab_US)I;LW(Clvfl) < (bl’Sl)+Sr7Ln BrT)
X (I;n(flabl) - F1m> B E Gy (4:220)

and the arbitrary constant of the problem has been set equal to zero. We
observe that the value of the skin-potential us is equal to the trace of the
exterior potential on the outer boundary of the skin-shell plus series expan-
sion that depends on the observation point within the skin-shell. Similarly,
the bone-potential is equal to the trace that the skin-potential leaves on the
outer surface of the bone and an expansion depending on the observation
point within the bone. This structure propagates all the way down to the
cerebrum as it can be seen in (4.213)—(4.217). All terms of the above poten-
tials are normalized by the constants G, given in (4.220), which involve
the conductivity jumps across the interfaces and geometrical characteristics
of the layered region. Note also that the elliptic integrals which enter the
expressions (4.214)—(4.217) extend from the observation point p to the outer
boundary of the particular conductivity shell, and a similar behavior appears
n (4.213). If we want to eliminate any one of these layers all we have to do
is to equate the conductivities of the appropriate two successive layers which
will effect only the values of the constants GY',,, G3',,, G%',,. The reduction of
the results (4.213)—(4.220) to the spherical shells model is trivial.

4.6 MEG in Ellipsoidal Geometry

In this section we first construct the quadrupolic term of the magnetic induc-
tion field in closed form and then we show how to obtain the full multipole
expansion in terms of elliptic integrals. The quadrupolic solution for the
general case where the cerebrum is surrounded by three shells of different
conductivities is given in [18], but in order to be able to discuss some as-
pects of the inhomogeneities in conductivity we will present the results for
the single layer model [13].

We note here that although a complete expansion for the trace of the elec-
tric potential on the surface of an ellipsoidal conductor can be obtained (with
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the exception of some constants) relatively easy [10,33], the corresponding so-
lution of the magnetoencephalography problem is much harder to obtain [6].

As we explained in Sect. 4.2 if the electric potential u™ on p = a4 is known,
then the magnetic induction field is given by

_ o
B(r) = Mgx "7 - MOU}{ u”(r')p’ x T ds(r') (4.221)
pP=0c

4m |r —rol> 4w |r — 7|3

where v~ at p = a; can be obtained either from (4.175) or from (4.207) as
oo 2n+1
Po)

_ 1 Qv
U (alyp“al/) = Tasas Z Z mEm/ 041

From (4.93) we see that on p = a3 the unit normal vector p is expanded in
surface ellipsoidal harmonics as

VBB W) (4222)

3 ~
O£10[2043 Z T Lm

p= 2
Va? — a? —v? = p?—aftaf,

3
Q1 aQr3 1 B R

- EP ()BT (0) @, (4.223
hihohs \/CM% _NQ\/Q§ 2 mZ:l Qi 1 (,u) 1 ( ) ( )

Having now u~ and p expanded in surface ellipsoidal harmonics we also need
to expand the dipole field (r —»')|r — 2’| ~3. But this is readily obtained from
(4.170) as

oo 2n+1

I —_'r"|3 - Z Z 2n+ 17 (VEZ (p))F () (4.224)

which holds for p > «;.

The obvious thing to do now is to take the appropriate product of (4.222),
(4.223) and (4.224) and integrate over the surface p = a; using the orthogo-
nality of the surface ellipsoidal harmonics, where the weighting function

U, v) = (aF = p2)~2(a? = 12) /2 (4.225)

is provided by the expansion of the unit normal (4.223). Unfortunately, there
are no general formulae that express the product of any two surface ellipsoidal
harmonics in terms of surface ellipsoidal harmonics. Hence, any such formula
has to be derived individually by performing the necessary calculations. This
is a long and tedious series of calculations [10] which for terms of degree 1
and 2 leads to
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o r—7r
P lr — /|3

p'=a1
1g N _
=ajagasl(p, V') 5 Zafn (ﬁ:m M (aq) x F(r) - ﬁcm)
m=1

- 1

171

3
3 A i m / m(.,/
+ huhohs m§:1 oYy - (wm M (aq) x Hy(p) r) ET(u)ET (V')

2

3
34 1_ A) Z A 6722 (ﬁ:m : M_l(al) x F(r)- ﬁcm) By () Ey (V)
m=1 m

1 3 2

31 a) 2 s (B M ) < Fr) ) BB ()

=1

where the dyadics M, F, H,(p) are defined by

3
M(p) = > (0> — i + ab,)dom © &

m=1

- Fl(r) F2(r) - =
F(r):—AQ_(A)/A—i—AQ_(/l),A/—i—lE)r@r:Hg(p)
) 3
H,(p) = 211 (D) & @ &y
m=1

with

A —a?

m=1 m

3 . N
!/ Ty Q Top
- ’ 2
A — a2,

(4.227)

(4.228)

(4.229)

(4.230)
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and the tetradic H(p) is given by
Z I (p)a; @ & © & ® & (4.231)
i,j=1
i#£]

Then (4.222) and (4.223) implies that

5
_ . r—r m
f w0 [T s Z (Bt + S Ol + Ofely)
p=a m=1
(4.232)
where
B, =gz hn (o e EH(p)) m=1,2,3 (4.233)
m - h1h2h3 m m . 1 p I — 44 .
- 1003~ ~
61 = (A A’)A F(r) (4.234)
- 103~/ ~
6y = S(A—A’)A >.<F(r) (4.235)
aropas [az . A ar . =
63 = F 4.2
3 hihah? _alwl ® T2 + - T2 @I x (r) (4.236)
Q1203 | a3 . ar . =
64 = F 4.237
4 hah2hs _al$1®w3+a3w3®fﬂ1 x (r) (4.237)
aiaeag | a3 - az . A =
= F 4.2
05 W2hahs | T2 ® T3+ T3 ®&2| X F(r) (4.238)
with the cross-dot product defined as
(a®@b) x(c@d)=(axc)(b-d) (4.239)
and
m m = 172, 4.24
Gn= o (@) m=1,2.3 (1.240)
0 = — > (Q@ry: A) (4.241)
YT oV(A—A) 0 '
0 = ; Q@r:A) (4.242)
27 6oV (A — A o ‘
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bajasaz Q@1 : (&1 @ T2+ Xo @ &)
0 — 4.243
3 oV hihahs 043h3(0‘? + Oé%) ( )

Sajazaz Q@ rg: (T ® X3+ XT3 ® X1)

0y = 4.244

* oV hihahs aghg(a% + O[%) ( )
Sajanas Q@ 1o (B2 ® 3 + T3 @ X2)

0 = 4.245

> oV hihahs alhl(ag +O[§) ( )

with the double dot product defined by
(a®b): (cad)=(a-c)b-d). (4.246)

In fact, if we further calculate the dipole term we arrive at

3 3
Z Cm/BmW{n = i Z(Q ) im) (fcm Qr X Hl(p)> = 3Q®T X Hl(p)
m=1 m=1
(4.247)

which, if substituted in (4.221) one can easily check that it cancels the corre-
sponding dipole term of the multipole expansion of the magnetic field due to
the dipole at rg. This result is general and is a consequence of the equation
V - B = (0 which prevents the existence of magnetic monopoles.

Therefore the quadrupolic term of B is given by

B(r) :Z;Q @ 1o x F(r)
po (A—a)(A—a3)(A-a3

) L
AR AXF
g A A Qero: AwAx F(r)
A — o) (A = ad)(A —a? ~ ~ -
_ 1/;07(( 1)(/1_/1/2)( 3)Q®’I"05A/®A/ XF(T‘)
G ey (501®:3:2+:?:2®:3:1)Qz(a§:i21®:b2+a§:b2®é:1) « F(r)
4 ay + aj .
G ey (il®i3+§:3®i1)@;(a§§;1®ﬁ:3+a§ﬁ:3®z&1) < F(r)
4 af +ai .
G ey (iz®i3+§:3®i2)<8;(a§§;2®ﬁ:3+a§ﬁ:3®z&2) < F(r)
4 o5 + aj .

+ O(els). (4.248)
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By means of the scalar identities

3
(4= O‘%)((/‘l/l__;%))z(/l - o) _ (A—a)— Y (A—a2),i=1,2,3 (4.249)

m=1

and

! / ! 3
(W=D —ad) (X —af) _ (p ST (A —a2)i = 1,23 (4.250)

m=1

we can easily prove the tetradic formula

(A-ab(A-ad)(d—ad) 4 4 (—adl —ad)d —ad) 4 o
3(A—=A) 3(A—A)
1. 3
= 3I®I— T, 0% QT DTy (4.251)
m=1
Furthermore, the identities
(@ @ &j + &5 @ &) @ (58 © Tj + 0j; © Ty)
a? —i—af
=TT, QLT +T; QT DTy DTy
(Fzi@&; —aja; @) @ (2, @2 — 2 @ &)
J 02 4 o ,  iFj (4.252)
i J
Ty X I= T3 R Lo — Lo I3 (4.253)
.’ﬁg X j = C&l ® 5%3 — .’ﬁ3 ® .’%1 (4254)
.’ﬁ3 X j = C&Q X ﬁ?l — .’ﬁl X .’%2 (4255)

can be used to write (4.248) in the form

B(r) = (@ ro)T x F(r) ~ (< I) x F(r) + O(cly)  (4.250)

d=(Q M(ay) xry) Ny (4.257)

3 N ~
3 Ty Q@ Ty
N, = E . 4.258

' Lt a3+ ad-af, (4.258)
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Further manipulations of (4.256) lead finally to the expression

B(r)
3
o, | Fa(r) F3(r) 3 P I RV
=t ac A’A A— A/A h%h%hgizjzlhzhjﬂ?z (r)@; @ &; | + Oels)

i#j
(4.259)

where the exterior ellipsoidal harmonics F45',m = 1,2,3,4,5 are given by
(4.131).
Another expression for (4.259) is

3
po F5(p, pu, v d; PO F3(p, g, v
B ZT;— Z;
=4 A A’ Zop-a?®ar AN ZA’—a
15p0 i\ 1
- § iz I (p)a; + O < 4) (4.260)
4,j=1 P
i#£j
where
Q%szos - O%Q?,xoz 04?:,@39601 - Q%le%
d = 2 2 .’f}l + 2 2 5&2
a2 + a3 OZ]_ + OZS
2 2
+041Q19€0§ agQﬂOl &s. (4.261)
aj + a;

We observe here that, in contrast to the spherical case, where the radius of
the conductive sphere does not appear in the expression (4.76), the solution
(4.259) does depend on the semiaxes a1, as,as of the conductive ellipsoid.
Another important issue is that although we receive a contribution from
the integral term of the Geselowitz formula, which depends on the electric
potential, the magnetic field is independent of the conductivity.

Furthermore, at least for the quadrupolic term, the radial sources, which
were silent sources for the sphere, are not silent for the ellipsoid. Instead, the
silent sources for the quadrupolic solution of the ellipsoidal conductor are to
be determined by the vector d, given by (4.257) or, in component form, by
(4.261).

Indeed, using M we can write the ellipsoidal conductor as

-

r-M (o) r=1 (4.262)
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Fig. 4.6 Ellipsoidal silent sources

from which, by taking the gradient, we obtain the Gaussian map
~ 1
. M (aq)-r

r= "__, (4.263)
1M

(1) 7|l

Hence, the dyadic M _1(a1) maps position vectors on the ellipsoid to outward
vectors normal to the surface of the ellipsoid, and therefore the dyadic M (c;)
maps normal directions on the surface to the corresponding position vectors
on the surface. This implies that the vector Q - M(al) is parallel to 7q
whenever @ is parallel to the Gaussian image of the point where the direction
o meets the ellipsoidal boundary p = a1, as it can be seen in Fig.4.6. In
this case d = 0 and the dipole becomes silent.

Obviously, for the sphere, M = o2I, the Gaussian map preserves the
orientation of the position vector and hence only radial components of Q are
silent.

In order to reduce (4.260) to the spherical case as (a1, a2, a3) — (a, o, )
we use (4.193)—(4.201) as well as the identities

E%(f%ﬂv”) _ E%(p,ﬂ,l/) =T2—31‘2 +02 _a%—i_a%—i_a%
(A=A)A=ap) (A=A A =0a7) "o 3

(4.264)

I%(p)_lg(p) _ 317(,0)— 1
A=A 270 2py/p? — h3/p? — h3(A — a3 + p?) (X — a3 + p?)
(4.265)

to obtain the limits

E%(puuvy)lé(p) _ E%(puuvy)lg(p) _ T2 _31‘371 (4266)

(A=A)A=az) (A=) —az) 5
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3
Fi(r) 1 F3(r) /Nll} _}52 r? —33:?”&} © i

A=A A—N L 5y
I 3,
= a0 >t Em @ & (4.267)
m=1

and

3 3
L 1
1+ ~ ~ A ~
E .Iil‘jIQ J(p).’lli Kx; — 55 E TiT;L; Q T
ij=1 i,5=1
i#£] i#£j

rRT 1< 9 .
= 5 5 D T O (4.268)
i=1

which finally give

N Mo j-37‘®’i’ 1
B(r) = 87TQ X 1T .3 +0 <r4> . (4.269)

The form (4.269) recovers the quadrupolic term in the multipole expansion
of (4.76).

We turn now back to examine the form of the complete eigenfunction
expansion of the exterior B field for the ellipsoid [6]. Introducing the notation

A (rg) = oz BT () (4.270)
BT =y, 4 1y (TER)ET 00) (4271)

and
cnl = f: E (W) EL (D) EY () EY () p(p, v)ds(u, v)

3
10 h; .. m m i i
=S Mad BN GOED (BN BN E ) B @)l v)ds(uv)
hihahs o Qi p=ay

(4.272)

forn =0,1,2,....,m = 1,2,...,2n 4+ 1 and using (4.223) we arrive at the
following expansion of the integral term in (4.221)
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r T‘ oo 2n+1 oo 2n+1
~ - mA m
e [T s =3 5SS R < B ),
pr=o n=0 m=1 k=1 \=1
(4.273)

The integral in (4.272) represents the (nm)-coefficient of the expansion of the
function E}(u)E}(v)Ei(n)Ei(v) in terms of surface ellipsoidal harmonics.
Expansion (4.273) is useful, since it “separates” the ro-dependence of the
source from the r-dependence of the observation. Its importance is due to the
fact that the rg-dependence is not explicit in the integral term, but instead,
it is implicit within the electric potential u. In the expansion (4.273) this
dependence enters apparently via the expressions @Q - VIEX (r¢). Similarly, we
obtain

oo 2n+1
T —"7To

Qx M va =—> > 2n+1v E" (r0)QxVEF™ (r)
(4.274)

n=0 m=1

Combining, (4.273) and (4.274) we arrive at the following separated (in rg
and 7) expression

oo 2n+1 VFm

=m0, > (2n + 1)y

n=1m=1

X 2 B (01) Q- VE(xo)

QER(r - mag Z 2 G EN( oq) ot

k=1 A=1
(4.275)

In (4.275) we used the fact that the n = 0 term vanishes, as it should. Indeed,
for n = 0 the leading term in the expansion (4.275) is

VI
By(r) = po ﬁl(p)
0
0o 2k 4.276
Z QZH o 1 Q- VE}(ro) ( )
aQa?’n 1 a=1 " EY (o) e

where

3
o = M1 N D f EMp ) BB (W) B (), ') ds'
hlhghg =1 (67 o' =a

3
aiasas hi .

= i 6& (sz
hyhahs ; LiY10k10ix
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3 o

4 i
= ;a1a2a3h1h2h32 * 0r10ix

— o;h;
=1
47 ﬁb\
= hihoh Opl- 4.277
3 Q1Q2a3/11 12 30[)\]1/\ 1 ( )

Inserting (4.277) in the expression for the n = 0 term (4.276) we obtain
u 3 hy hihah
Bo(r)=""VI} -V v
o(r) V10 (p) % [Q ;JJ,\ hlhgth ( By TOA

3
10VI(0) % [Q—Zczm@m
A=1

=0 (4.278)

so that

B(r)=0 ( ! ) 7 — 00. (4.279)

r3

The coefficients C{'ff with £ > 3 should vanish by orthogonality. This is
because the surface ellipsoidal harmonic

E(n) B (v)E} (1) Ef (v)

lives in the subspace generated by the surface ellipsoidal harmonics of degree
less or equal to (n + 1). So, by orthogonality

C™ =0,k >n+2 (4.280)

because any surface harmonic EX(u)E)(v) with k& > n + 2 lives in the
orthogonal complement of the aforementioned space.
Then B can be represented by the compact dyadic form

oo 2n+1

=0y > Q Dy (ro) x VE(r) (4.281)

n=1 m=1
where the source dependent dyadic is given by

~m 1

n+12k+1

1 E™(a
S>> VIEA(ro))®C’ﬁ;\ . (4.282)
02a3n1,\17ﬁE/\ ai)
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Expression (4.282) provides the multipole expansion of the magnetic
induction field outside the ellipsoid.

We recall that B outside the ellipsoid p = « is the gradient of a harmonic
function U, defined by

B(p,p,v) = EVU(,O, s v) (4.283)

4

for p > ay, which because of (4.279) has the asymptotic behavior

U(r)=0 (:2> ,T — 00. (4.284)
In order to evaluate the magnetic potential U for the case of the sphere, we
had to integrate along a ray, in the direction of #, from the position r where
the potential is evaluated, all the way to infinity where the potential vanishes.
In doing so, we actually used only the radial component of B and since 7 was
constantly tangent to the path of integrations all the necessary calculations
were simplified.

For the case of the ellipsoid though, the radial direction specified by the
linear path of integration is not connected to anyone of the ellipsoidal direc-
tions p, fr, ¥ and that makes the calculations cumbersome. This difficulty can
be avoided if we choose an appropriate path of integration which is dictated
by the intrinsic geometry of the ellipsoidal system.

To this end, we consider the ellipsoidal representation (p, i, ) of the point
r where the magnetic field U is to be evaluated. From the point (p, i, v) there
passes an ellipsoid specified by the value p, a hyperboloid of one sheet specified
by the value p and a hyperboloid of two sheets specified by the value v. If
we fix the values of ;1 and v and we let the ellipsoidal coordinate vary from p
to infinity, then we obtain a path C' that is generated from the intersection
of the two hyperboloids corresponding to the constant values of p and v.
This path is a coordinate curve of the ellipsoidal system and its tangent at
any point coincides with the ellipsoidal direction p at the particular point.
Since the system is orthogonal, the tangent p remains normal to fi and ¥ as
we move along the path C. Hence, integration along this path for the case
of the ellipsoid, corresponds to integration along the ray for the case of the
sphere.

Consequently, we evaluate the value of U at the point » = (p,u,v) by
integrating along the ellipsoidal coordinate curve

1 =, A
Clp) = hihahs |:hlpl“/ml + h2\/02 - h:%,\/,u2 - h%\/hg —v2%g

thay/o? — h3\ /03 - a2y /3 y%g] (4.285)
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where p varies from the value that corresponds to the observation point all
the way to infinity.
Since
p Iz v
V="0+ 0,+, 0 4.286

hp P h,u 2 hu v ( )
where p, i, U are the orthogonal unit base vectors and h,,h,,h, are the
corresponding Lamé coefficients of the ellipsoidal system, it follows that

(;9,0 =h,p-V (4.287)
and we can represent U as follows
U(r) =U(p, p,v)
- [ ai,U(p’,u,V)dp’

oo

hp P - VU(p', i, v)dp’

—

g
3

=— / hyp' - B(p',u,v)dp'. (4.288)
p

=
S

Using the identity

VEL (o, s v) = [VER (0BG () ER (v) + F (p) [VES () B (v)]

= 2 (o) ErER )+ G |1 s o)
(4.289)
and (4.281) we obtain
P(Q D) x VEI (o', 1, v)
5@ DI x () B BB o)
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< [0 2 ) Epmo] @ D)
i
hy

v o 0 m
=F"(p EN(p)E (Q-D 4.290
P (1 o e o) ERGIERG)] @ D) (a200)
where we used the fact that the dextral order of the ellipsoidal base is p, U, .
In order to isolate the p’ dependence in (4.290) we use the expressions
(4.95), (4.97), (4.99) and (4.100) to obtain

<1>a po

o e o) ERGOER @)

1 < . [vE™(WE™() uE™(u)E™ (v
_ wa[ (WER (v) _ pER () E (v)

- 2 2 2 2 2 2
h”h“i:1 ve—ai+aj pe—ai +a;

_ V2= WEVhE = v2/hg — /b — v
hlhghg(,u2 _ u2)\/p’2 _ u2\/p’2 —
3 , ,
} vER (ER(v)  pERmER ()] .
hiE’ ! n n _ n n ;
XZ pyuay){yz_a%_’_a? uz—a§+a§ i

()
Z < P2 — \/,0’2

2 o i, V)& (4.291)

where

E(n)EF(v)E} (n)E3 (v)

hihohs(u2 — v2) 1 (W) B (v)

i (V) =

VER (WES (v)  pE (w)ER (v)

4.292
v —atta? T p2—adta? (4:292)
or, because of '
VE; (V) il .
2 —ad+al Ei(v),i=1,2.3 (4.293)
Ei )
P , =B (1),i=1,23 (4.294)

p? —af + ol
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i Bl5) 5 v
:lriL(H,V) _ hlEZ(:u)EZ( )

" hihshs(u? — v?) L) By 0) B () B (v)

—E} () E{ () B () B (v)] (4.295)

Finally, we insert (4.291) in (4.290) to obtain the p-components of the expan-
sion (4.281) which we substitute in (4.288) to arrive at the magnetic potential

oo 2n+1 3

U(p,,u,u) :_47TZ Z Zf::zl(u7y)(QD;n(r0)(iz)

n=1 m=1 i=1

400 Fm( ) \Ei (o
o VPP h3? =3

which holds for p > oy with f7 given by (4.295), D, by (4.282) and CT%}
by (4.272).

Note that the p-dependence of U enters through the integral factors of
(4.296), the (i, v)-dependence is explicit in 7 as they are given by (4.295),
while the dependence on the dipolar source occurs in Q - Dnm as it can be
observed in (4.282). Hence (4.296) provides a separable expansion of the
magnetic field in ellipsoidal coordinates.

The crucial part in the derivation of (4.296) occurs in (4.288), where the
appropriate choice of the contour of integration allowed us to mimic the spher-
ical case and to utilize only the p-component of the magnetic field to construct
U. On the other hand, since this procedure can not eliminate the integral part
of the Geselowitz formula (4.221) the calculation of the electric potential can
not be avoided.

Obviously, if we analyze further the leading term of (4.296) and substitute
it in (4.283) we obtain (4.260).

Following similar arguments it is not hard to calculate the vector potential
A for the magnetic field, where

B(r) =V x A(r). (4.297)

In fact, it is straightforward to see that (4.221) is written as

Mo Q Moo / i)/ /
B =V, — 4.2
(r) = V, Lm R ?fp/_al ur), P ase)| @208)

so that the vector potential is given by

Ho Q Moo / ﬁ/ /
A = — 4.2
)= = f w0 T sty s
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or, in separable ellipsoidal coordinates, by

oo 2n+1

Ar) == > > (@D} (ro)) Fi(r). (4.300)

n=1 m=1
Note that A satisfies the Coulomb gauge

oo 2n-+1

VoA =Y Y (Q : DT(TO)) VE™(r) = 0. (4.301)
/|—1

Indeed, since V x B = 0 outside the ellipsoid and since |r —r is harmonic

for » # ', by taking the Vx operator on (4.298) we arrive at

Q

|r — ro]

A VAP { - f{pf-al u(r’) 4 ds(r’)] —0. (4.302)

r— /|
Equation (4.302) implies that

T —"7T0 AN r—r /
. = . d 4.303
Q- o c+07§_mu<r>p st (4.303)

and taking r — oo we obtain ¢ = 0. That proves (4.301).
We further present the following invariance property.
Define the dyadics

~ T —"7To
S(r) = 4.304
m=qe ", (4:304)
for the source and
- N r—r
C(r) = U]i'—al u(r')p' ® - 7a,‘gds(r’) (4.305)
for the conductive medium. Let
T —"7To
S =Q- 4.
stm=q- 1", (4.306)
T —"7T0
S = 4.307
V(T) Q X |'I"—'f'0‘3 ( 30 )
be the scalar and the vector invariants of S respectively, and
. r—r
Co(r) = o 7{,)/_(11 ) ) st (4.308)
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r—r

Cy(r)= U]{/: u(r’)p’ x ds(r') (4.309)

|r — 7|3

the scalar and the vector invariants of C, respectively.
Then (4.303) reads as
Sg(r) = Cs(r) (4.310)

and (4.298) gives

jjrB(r) = Sy(r) — Cy(r). (4.311)
0

In other words, the induction field B outside the conductive medium is the
difference between the vector invariant of the source dyadic and the vector
invariant of the conductivity dyadic.

We discuss next the case of an inhomogeneous ellipsoidal conductor [13]
consisting of an ellipsoid with constant conductivity surrounded by a confocal
ellipsoidal shell of different conductivity.

Let

o, @

i b

3

Sy :
b B2

+3 =1 (4.312)

be the boundary of the homogeneous ellipsoid with conductivity o and let

2 2 2
Se: LT g (4.313)
a7 a3 a3

be the outer boundary of the ellipsoidal shell with conductivity o,. Equa-
tion (4.312) corresponds to p = by and (4.313) to p = ay. Also by confocality
we have that

hi=aj—a3="b;—bj
h3 =a3 —a3 =b] — b3 (4.314)
h3 =ai — a3 = b — b3

where 0 < b3 < by < by and 0 < a3 < ag < a1 with by < 7. In this case the
Geselowitz formula reads

B('I") _ /J“OQ % T —T7To _ H0O0 o f. Ua('f'l)ﬁ/ « (vr/ 1 > ds(’l"/)
Sa |r — 7|

C 4rm |r —7ro|? 4

Ho 1

+ f (0atia(r) — opup(r'))p’ x [ Vo
471' S

(4.315)

where the electric potentials u, and wu; can readily be inferred from (4.214)—

(4.220) if we equate the conductivities of the cerebrum, of the cerebrospinal
fluid and of the skull. We then obtain
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oo 2n+1

Qv
=22 %’Z’CZ?

n=1m=1

m m 1 m

() - e + Em(al)Em'(al)ozza:s) ey

(4.316)
for r € V,, and
oo 2n+1 m
=33 @ VE ) [C" (7 () - 1))
%TCZ{’ Tb
n=1 m=1
1
Im(by) =1 E™

# (I00 = IO g s )| B 057)

(4.317)

for r € Vj,, where foreachn=1,2,...and m=1,2,...,2n+ 1,

.
E (al)E (041)0[2043
By (b1) By (br)babs. (4.318)

C" =04+ (0p —04) {I}L"(bl) —IM(ay) +

As before, the arbitrary additive constant of the corresponding Neumann
problem has been set equal to zero. A series of long calculations [13], essen-
tially similar to those performed in the case of the homogeneous conductor,
for the evaluation of the integrals in (4.315), leads to the following expression

B(r) :Z;;(d —dy+dy)
1
f (/1)/A - ;F pA I sz i1y (p)#; @ & | + Oels)
i
(4.319)
where

d=(Q- M(b) x 7o) N(by) (4.320)
dy = (Q - M(by) x 70) - N(b1) (4.321)
do = (Q - M(ay) x 1) - Ne(o) (4.322)

3
= b @ (4.323)
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3
M(an) =) ajd; @ & (4.324)
=1
~ 3 & Q&
N(b) — P & T 4.32
D P B (4.325)
=1
> & @ &
N (b)) =Y 6~ L 4.32
(b1) Z bt + 03 + b3 — b7 (4.326)
i=1 4
’ & ® @
N. =) (b e 4.327
(al) ; O[%+O[%+OZ§—OZ? ( )

and for 1 =1,2,3

- (4.328)

with
(0T 4 b5 + b3 — b7 )b1babs

21042402 — o2
(0 4+ o5 + oF — oF Jarasas

)

T = (I37'(by) — IS (a1)) (b7 + b3 + b5 — b7) +

and CS™ given by (4.318).

The constants A, A" are the roots of (4.132), and the dyadics /~1,/~1/ are
given in (4.230). Comparing (4.319) with (4.259), or (4.260), we observe
that the only difference appears to be isolated in the vector (d — dp + d,),
which involves the physical parameters o, and o3, the geometrical parameters
a;,b;,i = 1,2,3 and the characteristics of the source Q and 7.

In fact, we can recover (4.259) from (4.319) if we set

Op = Oq (4.329)

along with the obvious equalities

bi :Oéi,i = 1,2,3 (4330)

which will give 4
Ct=1,i=1,2,3 (4.331)
No(b1) = No(o1) = N(ay) (4.332)

and finally
d,=d, =d. (4.333)
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It is essential to note that the solution (4.319) depends on the conductiv-
ity o, of the shell and the conductivity jump (o) — 0,) across the interface
p = by, which appear in the expression (4.328) for the coefficients C®~°.
Therefore, shells of different conductivity are “visible” by magnetoencephalo-
graphic measurements. Since this property is not preserved in the spherical
geometry it is customary to ignore conductivity inhomogeneities in practical
applications. Nevertheless, since the brain-head geometry is closer to the el-
lipsoid than to the sphere, and since the actual shells that surround the brain
do have different conductivities, their role should be taken into consideration.
For the more realistic model with three ellipsoidal shells we refer to [18].
The question of whether the quadrupolic approximation, in the presence
of layered inhomogeneities of the conductivity, has silent dipolar sources
remains open. It amounts to search for directions of the moment @ for which

d—dy+d,=0. (4.334)

A similar question can be asked for the three-shell ellipsoidal model [18]. Tt
is very probable that the inhomogeneities in conductivity prevent a dipole
source from being silent.

4.7 The Inverse MEG Problem

As in most cases in science and modern technology, the main interest for
mathematical methods is focused on inverse problems. Inverse problems are
very seldom well defined, mainly due to lack of uniqueness and often to lack of
stability. Magnetoencephalography is not an exception to this general rule.
As we will show, even a complete knowledge of the field outside the head
can not recover more than just one scalar function, out of the three, that
determine the primary neuronal current [17,20,21].

We will discuss here the mathematics involved in the inverse magnetoen-
cephalography problem, which asks for the primary current within the brain
that gives rise to the measured magnetic field outside the head. Although
there is an extended and continuously growing literature [29,38] on the in-
verse MEG problem we will here concentrate on the purely mathematical
aspects of the problem as it was developed in [17,20,21].

The fact that the knowledge of the exterior magnetic field, generated by
a primary current within a bounded conducting medium, can not uniquely
identify the primary current was known to Helmholtz almost 160 years ago.
Nevertheless, a complete quantitative answer as to what exactly can be iden-
tified from the interior primary current was given only a couple of years ago,
first for the spherical conductor [21] and then for any star-shape conducting
medium [17].

Avoiding technical details we will describe next the case of the spherical
conductor. Let us assume that the conductor is a sphere with radius one,
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center at the origin having constant conductivity o. A primary current J?(r’)
is supported in the interior of the sphere |r'| < 1 and let r be any point
exterior to the conductor. Then, by Sarvas solution, the magnetic induction
field is given by

B@ﬁzZﬁVU@LW|>1 (4.335)

where the magnetic potential U(r) is obtained by integrating (4.71) over the
interior of the sphere

_ TP x !y o
U("') - /r/gl ‘fr — 'r/| H'r'H'r — 'r/| +7r- ('r' _ ,,./)} d ( ) (4336)

As we mentioned before, U is a harmonic function for |r| > 1 such that

1
U(r)zO( 2>,r—>oo (4.337)
T
and (4.336) provides an integral representation of U in terms of the spherical

kernel

T

K(rr') (4.338)

Sl e (e )
It is easy to see that the singular support of the kernel K (r;r’) is the line
segment from O to 7/, i.e. the set

S(r') = {t#'|t € [0,]7|]} (4.339)
where # = r//|r'|, for every »' with |r/| < 1. Hence, an extension of the
action of the Laplace’s operator to R? needs to be established in the sense
of distributions. A series of elaborate calculations [21] leads to the weak
representation.

ar 7]
/R AU Nrydur) = = ) | (7 x ) (Ve @) lleieiav i
(4.340)
for every test function & € C§°(IR3), where
Do) /.
Ulr; ') = T x vt w (4.341)

fr =o' {[rllr — 7|+ (r —77)]

and the integration on the RHS of (4.340) extends over the support S(r’) of
K(r;r').

The weak formulation (4.340) can now be used [21] to prove the integral
representation
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Ur) = — /| FT) o) 1] < 1 (4.342)

<1 |'I° — 'I"/‘

where the density function f(7’) is given by

1
S0 = o [T 7)ol (4.343)

r’|

In contrast to the representation (4.336), which uses the spherical kernel
(4.338), the representation (4.342) uses the fundamental solution of the
Laplace operator which is not depended on the geometry. Then, the actual
spherical character of our problem is confined to the expression of the den-
sity function f and not to the kernel. Up to this point there is no indication
exactly which part of the current will be silent except of course of its irro-
tational part. This observation will eliminate the scalar potential P of the
Helmholtz decomposition

JP(r) =VoP(r) + V x AP(r) (4.344)

but the question of whether the whole vector potential A is needed remains
open at this point.

In order to identify the minimum functional representation of J?, a 1-form
decomposition of a compact Riemannian manifold in terms of the Hodge oper-
ator has been introduced in [21]. Nevertheless, this decomposition is nothing
else but the well known spherical decomposition introduced by Hansen in
1935 as a means of defining vector spherical harmonics. In order to be con-
sistent with the notation in [21] we write the Hansen decomposition as

JP(r) = Jp(r)7 +7 X VF(r) — # x (7 x VG(r)) (4.345)

where it is clear that J, stands for the radial component of J?, while the
potentials F' and G span the tangential subspace of J?. Indeed, introducing
in (4.345) the spherical form of the gradient operator

0 N
V=id+ 0+ ¥ (4.346)
r rsinf
as well as the spherical analysis of J?
JP = Ji 4 Jo0 + T, (4.347)

we end up with the expressions

Jo(r) = i (896'(7") ! 0 F(r)) (4.348)

sinf *?
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sin@ ¥

T, (r) = i (89F(r) + 1o G(r)) . (4.349)

Straightforward calculations now give the form

(VX JP(r)) -r= |i|BF(r) (4.350)

where B is the Beltrami (surface Laplacian) operator

1 1
B= Op(sin @ Opp- 4.351
sin 0 o(sin 09s) + sin?9 *% (4.351)
Inserting (4.350) in (4.343) we obtain the following expression for the density
function

1
fr') = ‘7}|2 / BF(s,0,¢)ds,|r'| < 1. (4.352)
]
Consequently, only the potential F' is needed to represent the density f and
therefore the magnetic potential U. The radial component J, and the po-
tential G are magnetically silent. Hence, the best we can do in solving the
inverse MEG problem is to reconstruct the part of the current that is given
by 7 x VF. Two out of the three scalar functions that specify the vector field
J? belong to the null space of U. Although this sounds like a remarkable
result it simply states that one scalar function can recover only one scalar
function. The other two functions are buried in the representation (4.335)
and as it was proved in [17] this is not a consequence of the high symmetry
of the spherical geometry. It is true at least for any star-shape conductor.
Then we ask the question: is there an a-priori condition that will identify
the hidden functions J, and G? As it was proved in [21] one such condition is
that J* should have minimum L?-norm inside the sphere. A simple calculus
of variations analysis for the minimization of the functional

W(JP) = / ) (4.353)

leads to the conditions
Jr(r)=G(r)=0,|r| <1 (4.354)

and the minimum value

2m T 1
Wo(F) = / / / {sin@(ﬁgF)Q—F _1 (0,F)*| drdodep. (4.355)
o Jo Jo sin 6
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The final step is to construct the actual inversion process, under the mini-
mizing condition, which will recover F' and therefore the 7 x VF part of the
current that we can find.

To this end, we see that

1 1
BF 1
SRR et /T| (5,0, 0)ds, [r] <1, .

0, lr| > 1.

Expanding both F' and U is surface spherical harmonics we obtain

F(r,0,p) = Z Z oy (i (4.357)

n=0m=-—n

U(r,0,p) = Z Z Y, (#) (4.358)

n=0m=-—n

where Y,”*(7) are the normalized surface spherical harmonics.
Then, (4.356) implies the following ordinary integro-differential equations
connecting the coefficients f)* and u"

P2 () + 2ru™, (r) = n(n + ) (r)

_ ) —n(n+ 1)/ f(s)ds, r <1 (4.359)
0, r>1,

where ] should be regular inside the sphere || < 1 and ! should vanish
at least as r=2 for r — oo.
These imply that for » > 1
u™(r) = M) n > 1. (4.360)

For r < 1 we use variation of parameters to find a solution of (4.359) in the
form

upt(r) = Ay (r)r,r <1 (4.361)
where A (r) should solve the equation
d r2nt? d AM(r) ) = —n(n+1)r" /1 1 (s)ds (4.362)
dr dr- " N s ’

or

AT = AT )

1 1
. o n(n+1) / t" /t Fr(s)dsdt (4.363)

r=1
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which by regularity at » = 0 implies that

1 1
A™ (1) = —n(n+1)/0 t"/t i (s)dsdt. (4.364)

On the other hand from (4.360) and (4.361) we obtain

AT (1) = (1) — (1)

n

= (™) (e )

(
dr 1
=—2n+ 1) (4.365)

Integrating the RHS of (4.364) by parts and equating the result with the
RHS of (4.365) we obtain

1
(2n+1)c" =n / LT () dt (4.366)
0

which reduces the determination of the coefficients f;* of F' to a moment

problem. Hence, even the part of J? that can be recovered needs the solution

of a moment problem in order to recover it. The moment problem (4.366)

can be solved completely if the condition of minimizing current is applied.
Indeed, writing the integrand in (4.355) as

sin0(9p F)? + (0,F)? = [|[VF|? — (0, F)?|r* sin 0 (4.367)

1
sin 6

and using the fact that F' is supported in the interior of the unit sphere,
which implies that

/|<IVF(’!')2d’U(’r') :—/ F(r)AF(r)dv(r) (4.368)

<1

we rewrite (4.355) as

27 T 1
= — r r 7))?]r? sin Odr . .
Wo(F) = /0 /0 /0 (F(r)AF(r) + (0,F (r))2)r2 sin 0drdody.  (4.369)

Writing Wo(F) in this form it is much easier to reduce all the differen-
tiations on the coefficients f(r) in the expansion (4.357) to multiplications,
since the spherical harmonics Y, m = —n,...,n are the eigenfunctions of
the Beltrami operator B corresponding to the eigenvalue —n(n + 1), that is
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BY™(#) = —n(n + 1)Y,™(#). (4.370)
Hence, (4.357) and (4.370) give
Pr)AF(r) + (0, F(r))? =
IPIFAL w0+ 2o o =Y | v aw

+ Z > @)@ 1 ()Y ()Y (7). (4.371)

Note that if the complex form of the spherical harmonics is used then a
complex conjugation will be involved in the corresponding inner product
above.

Substituting (4.371) in the integral (4.369) and performing the angular
integrations utilizing orthogonality we obtain

n--3 3 [|uror

Om=—n

(n+1)

+ (e + ey =" L) ) ()| r2dr
(500, ) el

=3 3 [ e s D) e

n=0m=—n

_Z Z (n+1) / (fm(r))2dr (4.372)

n=0m=-—n

where an integration by parts and the fact that f}* vanish on |r| = 1 are
used just before the last equality.

Since Wy is reduced to a series of positive terms which are independent
[because of the independence of the terms in the expansion (4.357)] we can
minimize the series (4.372) term by term. Therefore, the problem of mini-
mizing the 3D functional Wy (F) with respect to the function F'(r) satisfying
(4.342), (4.352) is now reduced to a sequence of minimizing problems, where
for the (n,m) term we need to minimize the 1D functional

1
w(fm) = / (fm(r)2dr (4.373)

subjected to the constrain (4.366).
Using the Lagrangian

= (0 (r)? + ML () (4.374)
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where A is a Lagrange multiplier, the Euler-Lagrange equation gives

oL

afm =0 (4.375)
from which we immediately obtain
m A n+1
fl(r) = =" (4.376)

Finally, choosing A so that (4.366) is satisfied we obtain

A (2n+1)2n+3) ,,

5= N cn (4.377)
so that the minimizing coefficients are
2 1)(2
fmry = CrrDEES) s (4.378)
n

Therefore, the minimum current condition, besides securing a unique solution
for the inverse problem, it also allows to solve the moment problem and to
express the recoverable function F in the form

n

Fr =% % (2n + 131(2” +3) mynttym (). (4.379)

n=1m=—n

From (4.360) it follows that co = 0, so that for n = 0, condition (4.366) holds
identically, leaving fJ(r) unidentified. Nevertheless, this does not affect the
form of the current since Y (#) = 1 and therefore

Px V) =7 xpf(r) = 0. (4.380)

Hence, without loss of generality we start the expansion in (4.379) with n = 1.
The coefficients ¢ in (4.379) are the known coefficients of the expansion

n

U =% % cgrnilyy(f). (4.381)

n=1m=—

Everything we discussed up to this point, in connection with the inverse MEG
problem, concerns a spherical conductor which is the only geometrical model
for which a closed form solution for B is known. But what happens with a
more general shape where the spherical symmetry is not present? As we will
explain in the sequence, the non-uniqueness property of the inverse MEG
problem is true at least for star-shape conductors [17].
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Fig. 4.7 Star-shape
conductor

Consider a star-shape conductor (Fig.4.7)
2 ={r c R®r =tr,tc[0,R(#)]} (4.382)

with boundary
02 ={R(7)||r] =1} (4.383)

and let u~ (r) be the electric potential which solves the Neumann problem

cAu(r) =V -JP(r),r € 12 (4.384)
Opu(r) =0,r € 002 (4.385)

where J? denotes the primary current in the interior of (2.
Then the magnetic induction B, in the exterior to {2 region {2¢, is given by

B(r) = Z;VU(r),r e (4.386)

where U is a harmonic function, and also by

1 r—r
Br) =40 [y Tt
Hoo N r—r c
= i f;mu(r')n X \r—r’|3d$(rl)’ ref (4.387)

where the volume integral represents the contribution of the primary current
and the surface integral represents the contribution of the induction current.

In order to obtain the magnetic potential U in (4.386) we integrate along
the ray from r to infinity and we use (4.387) to obtain
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and using (4.69), we finally obtain

Ulr)=r- /Q J;((r;:?:)r’ dv(r') —or - fém u(;’()::: :) v ds(r’)  (4.389)

where F'(r;r’) is given by (4.70).
The importance of the representation (4.389), which holds for any smooth
domain {2 (even non star-shape), is that it proves that the kernel

K(rr') = F(; ) (4.390)

is a characteristic of the Physics of the problem, and it is independent of the
Geometry.

That is, a dipole at rg with moment @, inside the conductor {2 generates
the magnetic potential

Ulr;ro) =Q xro- K(r;rg) — 0o fém u(r’sro)n' x v’ K(r;r")ds(r')
(4.301)

where u(r; 7o) solves the Neumann problem (4.35), (4.36). Then for a dis-
tributed current J” in {2, linearity implies (4.389) where

u(r)z/nu(r;ro)dv(ro). (4.392)

Comparing (4.391) with (4.34) we observe that the kernel K (r;r) for the
magnetic potential, plays the role that the field (r — ro)|r — ro| =2 plays
for the magnetic induction, and in that sense (4.389) is the analogue of the
Geselowitz formula for the magnetic potential U.

It is obvious from (4.391) that for the spherical case alone we have that
n X v’ = 0, which means that the exterior magnetic potential, and therefore
the magnetic induction, “sees” only the dipole at o when 942 is a sphere,
whereas in any other case it “sees” both the dipole at ro and the surface
distribution of normal dipoles on the boundary of the conductor.
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For the case of a sphere, the contribution of the boundary distribution
of dipoles to the magnetic induction is purely tangential at any observation
point, and this is the reason why any radial integration, such as the one used
in (4.388), is independent of the spherical boundary distribution of dipoles.

We return now to the representation (4.389). Let us assume that we have
solved the related EEG problem and therefore the electric potential u is
known on the boundary 0f2. Hence, if U is the exterior magnetic potential,
then the function

Uy(r) =U(r) +or- fém u(;(): :)T/ ds(r') =mr- /Q J;(Z:?:)T/dv(r’)
’ ’ (4.393)

is known, and we want to find what part of J? can be obtained by inverting
(4.393). In fact, following the same analysis as with the sphere we obtain the
Green’s representation

U, (r) = — /Q | f (_Tg,'dv(r'),r 0 (4.394)
with
R(#)
fr') = ‘7}|2 /I’ (Vs x JP(8)) - 8]|s—s|#|8]d]s]. (4.395)

Then, using the Helmholtz decomposition

JP(r) =VP(r)+V x A(r) (4.396)

with the Coulomb gauge
V-A(r)=0 (4.397)

we obtain the expression
(VxJP(r) -r=—(AA(r)) r (4.398)

for the integrand in (4.395). The identity
3
A(f-9)=(Af)-g+f-(Ag)+2)> (Vfi)- (Va) (4.399)
i=1

together with (4.397) allow to rewrite (4.398) as

(VX JP(r))-r=—A(r- A(r)). (4.400)



4  Electric and Magnetic Activity of the Brain 199

Therefore, all we need to express U outside {2 is the nonharmonic part of the
radial component of the solenoidal vector potential of J?, and this is just one
scalar function.

Hence, the same order of non-uniqueness that holds true for the sphere
also holds true for a star-shape conductor.

4.8 Open Mathematical Questions

The number of open computational, technological and mathematical prob-
lems in this active area of brain imaging is very large, and certainly lies
beyond the knowledge of the present author. Here, we will focus only on a
few mathematical problems associated with the understanding of EEG and
MEG mechanisms along the spirit of these lectures.

In order to easily identify them we enumerate some of these problems.

Problem 1. Suppose the current within the sphere consists of a finite
number of dipoles. How can we recover their positions and the tangential
components of their moments? If such an algorithm is found, what is its
spatial resolution? In other words, what is the minimum separation between
two dipoles such that the algorithm “sees” two separate sources?

Problem 2. We know that for the spherical model the exterior magnetic
potential does not “read” coeccentric shells of different conductivity, but the
electric potential does. What is an algorithm that will identify these shells,
as well as their conductivities, from surface measurements of the electric
potential?

Problem 3. For the case of the ellipsoid the confocal shells of different
conductivity are “visible” both by the EEG and by the MEG measurements.
Which algorithms identify these shells if the electric potential is known?

Problem 4. We know that for the sphere, any radial dipole is magnetically
silent. For the ellipsoid, we showed that there are directions of the dipole
for which the leading quadrupolic term of the magnetic field vanishes, but
do there exist directions of the dipole that are silent for the full multipole
expansion of B? In other words, are there hidden dipoles within an ellipsoidal
conductor?

Problem 5. In [21] an analytic algorithm is proposed that recovers the
part of the current that can be recovered from a knowledge of the exterior
magnetic potential for, the case of a sphere. What is the corresponding algo-
rithm for the ellipsoidal model?

Problem 6. What part of the current remains silent when both the electric
and the magnetic potentials outside the head are known?

Problem 7. What differences will we observe, for the direct and the in-
verse EEG and MEG problems, if we replace the dipole distribution with
higher order multipoles at some point? and more generally, if we replace
the continuous distribution of dipoles with a finite set of localized higher
multipoles?
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Problem 8. In the inverse problem of identifying a dipole from EEG or
from MEG measurements, how sensitive is the location of the dipole and its
moment to variations of the principal eccentricities of the ellipsoidal model
of the brain? and in particular, what is the error when we replace the average
ellipsoidal brain, with semiaxes 6, 6.5 and 9 cm, with an equivalent sphere of
the same volume?

Problem 9. What part of the current can be recovered if the EEG and/or
the MEG data are restricted to a part of the full solid angle?

Problem 10. An image system for the representation of the electric
potential for the spherical conductor is presented in Sect.4.3. What is the
corresponding image system for the ellipsoidal conductor? Obviously, the an-
swer to this long standing problem has implications far beyond the theory of
electromagnetic brain activity.
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Chapter 5

Estimation of Velocity Fields

and Propagation on Non-Euclidian
Domains: Application

to the Exploration of Cortical
Spatiotemporal Dynamics

Julien Lefévre and Sylvain Baillet

5.1 Motivation: Time-Resolved Brain Imaging

Better understanding of the interrelationship between the brain’s structural
architecture and functional processing is one of the leading questions in to-
day’s integrative neuroscience. Non-invasive imaging techniques have revealed
as major contributing tools to this endeavor, which obviously requires the
cooperation of space and time-resolved experimental evidences. Electromag-
netic brain mapping using magneto- and electro-encephalography (M/EEG)
source estimation is so far the imaging method with the best trade-off be-
tween spatial and temporal resolution (~1 cm and <1 ms respectively, [4,5]).
Combined with individual anatomical information from Magnetic Resonance
Imaging (MRI) and statistical inference techniques [35], M/EEG source esti-
mation has now reached considerable maturity and may indeed be considered
as a true functional brain imaging technique.

With or without considering the estimation of M/EEG generators as a
priority, the analysis of M/EEG data is classically motivated by the detection
of salient features in the time course of surface measures either/both at the
sensor or/and cortical levels. These features of interest may be extracted from
waveform peaks and/or their related time latencies, band-specific oscillatory
patterns surging from a time-frequency decomposition of the data or regional
activation blobs at the cortical level.

By nature, the extraction of such features usually results from an ex-
tremely reductive — though pragmatic — point of view on the spatio-temporal
dynamics of brain responses. It is pragmatic because it responds to a need for
the reduction in the information mass from the original data. It is reductive
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though because most studies report on either/both the localization or/and
the dynamical properties of brain events as defined according to the investi-
gator, hence with an uncontrolled level of subjectivity.

This suggests there is a need for innovative methodological solutions that
would help detect salient events in the course of brain responses in a given
experimental context.

The major issue that must be faced concerns the very large amount of data
produced by M/EEG acquisition. At anytime instant, brain activity unfolds
at multiple cortical areas. The unique temporal resolution of M/EEG yields
a large set of typically 1,000 functional brain images at every second while
brain activation unfolds at multiple cortical areas on a complex shape surface
object of about 2,500 cm?.

In this chapter, we suggest to develop new indices related to the ap-
praisal of brain activations in space and time, in direct connection with their
anatomical substrate. These indicators are built from the empirical obser-
vation of scalp potentials and magnetic fields, but also of distributed brain
currents that are literally perceived as flowing onto the underlying manifold.
Therefore, we have adapted the computation of the optical flow — which is
well-known to computer scientists when computed on 2D picture series — to
arbitrary surfaces.

Though the motivations stem from neuroscience, we might think of multi-
ple other application fields to this techniques such as, e.g. fluid streams onto
surface supports but also realistic models of biological vision from the retina.

It is also interesting to note that this tool may prove as useful in the
challenge of relating the experimental evidence of brain activation at the
macroscopic/global scale with computational models from system dynamics
(see [34] for a wide review and more specifically [27], concerning the issue of
wave propagations along the cortical surface).

5.2 Velocity Fields and Transport on Riemannian
Surfaces

In a large number of applications, spatiotemporal properties of image se-
quences may be represented and explored using vector fields. The information
conveyed by such vectorial representation provides the support for the tem-
poral analysis of evolutionary dynamic patterns and — possibly — their spatial
segmentation. Originally, optical flow techniques were developed in computer
vision to elucidate the apparent motion of rigid objects in visual scenes via the
estimation of a dense vector field. In that respect, Horn and Schunk were pio-
neers in suggesting a regularized method to this problem [23] (see, e.g. [8] for
an updated review of multiple approaches) and further quantitative improve-
ments (see [6], [30] for other specific reviews). It further came out that optical
flow usage could be extended to the characterization of complex dynamical
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patterns. The motion of growing plants [7] and of fluids in meteorologic im-
ages were for instance both captured using a div-curl regularized [15, 16]
or a mass-conservation law [9] approach to the optical flow model. These
techniques have also been investigated until recently as a way of measuring
information flow across mass-neural activations as revealed by time-resolved
brain imaging modalities [25, 26, 29)].

In most previous applications, spatiotemporal processes were analyzed
from sequences of 2D flat images, though the underlying physical phenom-
ena may have occurred on non-flat domains — as, e.g. meteorological patterns
onto the surface of the earth [15]. Hence, the primary objective of this chap-
ter is to extend the computation of the optical flow to arbitrary surfaces (or
submanifolds) of the Euclidian space. Seminal keys in that perspective were
recently identified in the study of motion fields on a spherical retina in [24,43]
and in [37] for a biological context.

Our secondary objective is to explicit the bounds between some properties
of a motion field estimated from optical flow and some physical laws or as-
sumptions involved in the generation of the original data sequences. In that
respect, the conservation of intensity along trajectories may be the simplest
assumption in the computation of optical flow [23]. Mass conservation laws
were also suggested more recently to derive the so-called continuity equation
in order to extract velocity fields [9] or the apparent motion [16].

In retrospect, the movement parameters extracted using the optical flow
may be turned into prediction tools as in road navigation [21,42] or in weather
forecasting [13].

Solving PDEs on arbitrary surfaces is of major interest in applied mathe-
matics. Theoretical and computational developments were only recent though
most theoretical aspects of PDEs are more than 50 years-old. A general frame-
work was introduced in [32] to solve variational problems through an implicit
representation of manifolds and level-set methods, with applications in med-
ical imaging and computer vision [40]. Alternatively, some authors proposed
to solve diffusion PDEs on general triangulations with FEM without embed-
ding the surface into the Euclidian space [14,18].

In most cited references, the related applications were often restricted to
image processing (e.g. denoising in [40]), which may require solving diffusion
equations and other parabolic PDEs. In our perspective, we need to mention
some earlier works where PDEs are derived from mass conservation laws, for
which pure advection equation is a special case [31,38,41].

From this brief state-of-the-art background, we know detail how to achieve
modeling of optical flow onto arbitrary non-flat surfaces.

5.2.1 Vector Fields in Differential Geometry

Let us first recall some necessary background about differential geometry. For
more details interested readers may refer to [19)].
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Let M be a 2-Riemannian manifold representing an imaging support (e.g.
the surface of a planet or the highly circumvoluted brain envelope), param-
eterized by the local coordinate system ¢ : p € M — (x1,22) € R% We
introduce a scalar quantity defined in time on a 2D surface (e.g. weather
data or time-evolving estimates of brain activation) as a function

I:(p,t)e MxR—R.

As for Euclidian spaces, it is possible to define vectors on manifolds and we
expose the most intuitive approach to this question.

Considering a curve ~y(t) defined on M such as v(0) = p, we note that
~'(0) does not depend on the local coordinate system. For all curve ~(t),
the tangent vector +/(0) engenders a tangent space T, M at point p. The
canonical basis of this vectorial space is:

0
o = ! 0 =
€ F)/a( ) 851/'05’
where 2 (7a(t)) = téa,s.
Proceeding identically at any point of the manifold, we define TM =
Up T, M, the tangent bundle of M. Thus a vector field V is naturally defined
as an application

V:M—TM.

We further proceed by suggesting adaptations to the concepts of angle
and distance as defined on a manifold. M may be equipped with a Rie-
mannian metric. Hence at each point p of M, there exists a positive-definite
form:

gp: TyM x Ty,M — R,

which is differentiable with respect to p. Hereafter, we note (gp)a,gz =
gp(€asep). A natural choice for g, is the restriction of the Euclidian metric
to T, M, which we have adopted for subsequent computations. Next we will
only refer to g, as g.

Integrating on a manifold now becomes possible using a volume form, i.e.
in a few words, a differential 2-form

dpigg : TM X TM — R.

The most convenient volume form may be associated to the metric g via:
\/det(ga,g)dxldxg.
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5.2.2 Optical Flow on a Riemannian Manifold

As in classical computational approaches to optical flow, we now assume that
the activity of a point moving on a curve p(t) in M is constant with time.
The condition

dt o), )] =0

yields
01 + DypipyI(p) =0, (5.1)

where D, is the differential of I at point p, that is the tangent linear appli-
cation:
Dyl :TM — R.

p =V = (V! V?) stands for the unknown motion field we wish to compute.
Though being mathematically rigorous, the concept of differential is not in-
tuitive when it comes to manipulate vector fields. In this regard, we adopt
an alternative approach to [12] (in the context of Maxwell equations) where
differential forms are preferred to vector fields. We will come back to this
point at the quantization step (Sect.5.3). Therefore, we express the linear
application D, I as a scalar product and thus introduce V (I, the gradient
of I, defined as the vector field satisfying at each point p:

YV € T,M, g(Val, V) = DI (V).

Equation (5.1) may thereby be transformed into an optical-flow type of
equation:
O + g(V,Vpl) =0. (5.2)

We note that (5.2) takes the same form as general conservation laws defined
on manifolds in [38]. Here, only the component of the flow V in the direction of
the gradient is accessible to estimation. This corresponds to the well-known
aperture problem [23], which requires additional constraints on the flow to
yield a unique solution.

5.2.3 Regularization

The previous approach classically reduces to minimizing an energy functional
such as in [23]:

E(V) = /M Bﬁ + g(v,sz)} g A /M C(V)duy.  (5.3)
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The first term is a measure of fit of the optical flow model to the data, while
the second one acts as a spatial regularizer of the flow estimate. The scalar
parameter \ tunes the respective contribution of these two terms in the net
energy cost £(V). Here we rewrite the smoothness term from [23], which can
be expressed as a Frobenius norm:

C(V) = Te(*VV.VV), (5.4)

where 5
(VV), =0.VP+> T8 v
vy

is the covariant derivative of V, a generalization of vectorial gradient. 9, V"
is the classical Euclidian expression of the gradient, and Z,y ngvv reflects
local deformations of the tangent space basis since the Christoffel symbols
IS are the coordinates of dze, along e,. This rather complex expression
ensures the tensoriality property of V| i.e. invariance with parametrization
changes.

This constraint will tend to generate a regularized vector field with small
spatial derivatives, that is, a field with weak local variations. Such a regular-
ization scheme may be problematic in situations where spatial discontinuities
occur in the image sequences. In the case of a moving object on a static
background for example, the severe velocity discontinuities about the object
contours are eventually blurred in the regularized flow field (see [45] for a
taxonomy of other possible terms).

5.2.4 Variational Formulation

Variational formulation of 2D-optical flow equation was first proposed by
Schnorr in [39]. The advantage of such formulation is twofold: (1) theoret-
ically, it ensures the problem is well-posed; that is there exists a unique
solution in a specific and convenient function space, e.g. a Sobolev space [39],
or a space of functions with bounded variations [2]; (2) numerically, it al-
lows to solve the problem on discrete irregular surface tessellations and to
yield discrete solutions belonging to the chosen function space. Obviously, a
possible restriction may occur when dealing with non-quadratic regularizing
terms where iterative methods come to replace matrix inversions.

We now derive a variational formulation in the case of Horn & Schunk
isotropic smoothness priors, but the corresponding general framework re-
mains the same for alternatives such as, e.g. Nagel’s anisotropic image-driven
regularization approach [33].

Considering M, we need to define a working space of vector fields I't (M)
on which functional £(V) will be minimized. Let us first denote the Sobolev
space H'(M) defined in [20] as the completion of C'(M) (the space of
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differentiable functions on the manifold) with respect to || . ||z derived
from the following scalar product:

<u,v>H1:/ uvd,uM—F/ g(Vu, V) dppy.
M M

We chose a space of vector fields in which the coordinates of each element
are located in a classical Sobolev space:

2
) = {V Mo TM/ V=3 Ve, Ve Hl(M)}, (5.5)

a=1

with the following scalar product:
<U,V >ri= / g(U, V) dp +/ Tr(*VUVYV) dp .
M M

E(V) may be simplified from (5.3) as a combination of the following constant,
linear and bilinear forms, respectively:

K(t) = /M (0:1)*dpipg,
FU) = - /Mgw,mf)‘ow djinr,

(U, V) = / 9(U. VD) g(V.V D )djing
M

15(U, V) = / Tr('VUVV) dp
M
a(U, V) =a1(U, V) + Xaz(U, V)

Minimizing £(V) on I''(M) is then equivalent to the problem:

VEIII}}?M) (a(V, V) =2f(V) + K(1)). (5.6)

Theorem 5.1. There is an unique solution 'V to the previous problem. More-
over, this solution satisfies:

a(V,U) = f(U),Y U e I''(M). (5.7)

Proof. Lax-Milgram theorem ensures uniqueness of the solution with the
following assumptions [1]:

1. a and f are continuous forms.
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2. I''Y(M) is complete, the bilinear form af(.,.) is symmetric and coercive
(elliptic), that is, there exists a constant C' such that:

V'V el (M),a(V,V)=>C [V |1 -

Continuity of f and a are straightforward. Completeness of I''(M) is
ensured because any Cauchy sequence has components in H!(M) which are
also Cauchy sequences since || . ||z1 is bounded by || . || ;1 (aq). Coercivity of
a is demonstrated thanks to the following proposition.

Proposition 5.1. a is coercive.

Proof. As in [39], we suppose by absurd that a is not coercive. So one can
find a sequence U, in I''(M) with ||U,|| = 1 and a(U,,U,,) — 0.

Since U,, is bounded, U} and U? are also bounded therefore by Rellich—
Kondrakov theorem [19], we extract two subsequences which converge in
L?(M), note the limits UL and U2 and keep the notation U}, U2 for the
two subsequences.

Next since a(U,, U,) — 0 we have:

/ Tr(*VU,VU,) du,, — 0;
M

which can be expressed as:

S |0aUE + 12Uk + 1 U2, — 0.
aB

By a classical theorem in measure theory, we can say that d,U/ +F£1U}L +
F572U3L converges almost everywhere to zero. Thus since U} and U2 converge,
0aUP converges almost everywhere. Finally U} and U2 converge in H*(M).
From U,, we have therefore extracted a subsequence which converges to U.

So with the previous results VU, = 0, but this implies that Uy, = 0
since the domain is non Euclidian. This clearly contradicts the assumption
that ||U,|| =1 and ||U|| = 1 taking the limit. O

A significant difference with [39] is that coercivity and therefore well-
posedness do not require any assumption about linear independency of the
two components of the gradient V yI.

5.2.5 Vectorial Heat Equation

In this short section, we study the heat equation for vector fields on a mani-
fold, which will be necessary for defining regular vector fields in Sect. 5.4.
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Considering the 2D Euclidian case and the parabolic PDE on a domain {2
with an initial condition Vg at time ¢t = 0O:

ov

o = AV [V =0 on 982, (5.8)

where
AV = V(div V) —rot (rotV) = (AVl, AV2).

Equation (5.8) can be transformed in the weak problem, introducing test
vectors W with W = 0 on 02

YW, / 8V~W:/AV-W:—/Tr(tVVVW).
o Ot 17 17

By analogy, the previous variational formulation may be transposed to man-
ifolds and using notations from Sect.5.2.4 we obtain:

0
YW, / g(V, W) = —ay(V,W). (5.9)
ot J m
We note that this vectorial diffusion is similar to regularization in the previous
variational formulation, as previously underlined in the Euclidian case [23].

5.2.6 Advection on Surfaces

The optical flow equation (5.2) may be viewed as the estimation of a mo-
tion field thereby yielding some evolution. Conversely given any vector field,
(5.2) with initial condition I(p,0) = Iy(p) is a first-order PDE belonging to
the family of hyperbolic problems and refers to pure advection. It derives
from more general conservation laws which can be expressed through a PDE
defined on the conserved quantity I:

ol .
gt T div(f(1)) =0, (5.10)

where f: R — T'!M is the flux function [38]. For example, the pure advection
equation:

gﬁ +9(VmlI, V) =0 (5.11)

corresponds to f(I) = I'V with non-divergential conditions div(V) = 0.

However it is important to distinguish the optical flow and advection equa-
tions in mechanic terms of respectively Lagrangian and Eulerian descriptions,
attached to a moving point or to fixed positions in space respectively. Moving
from one to the other is generally non-trivial and is the objective of this
section.
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From this class of hyperbolic problems, direct variational formulations
may be derived but suffer from critical limitations such as instable schemes
or oscillatory behaviors [28]. Least-squares techniques (see, e.g. [22]) allow
to get rid of numerical instabilities. They have been applied in [36] for pure
advection equation in a space-time integrated framework.

Here we apply such techniques for transport or advection equations on
closed surfaces, with a velocity field V depending on both space and time.
Finding a solution of (5.11) with respect to I is equivalent to minimizing the
following functional

a1 ?
F(I) = /[oyT] //\/1 |:3t —|—g(VMI,V)} dpepg, (5.12)
on the function space H'(M,V):
H' (M, V) = {I € L3(M)/g(VmlI,V) € L2(M)}. (5.13)

This problem is well-posed provided that a curved Poincaré inequality is
fulfilled, which ensures the coercivity of the positive bilinear form:

B(I,J) = /[O’T] /M Bﬁ —l—g(VMI,V)] [%‘t] + 9(V o, V)]d,uM.

Finally Lax—Milgram theorem ensures that the functional (5.12) has a unique
minimum [ which satisfies:

VJeH (M, V) &1I,J)=0. (5.14)

It is also proven that the problem (5.11) with a Dirichlet condition (I(p,0)
fixed) is well-posed if the following inequality holds for a certain constant C”:

/M Py, < C' /M (g(VMI,V))ZduM. (5.15)

This inequality is fulfilled for time-dependent velocity fields whose diver-
gence is bounded [3]. This result can be generalized when the domain is a
surface in an easier way than for optical flow demonstration.

5.3 Discretization with the Finite Element Method

After proving the well-posedness of the regularized optical flow problem and
advection equation on a manifold M, we derive computational methods from
the variational formulations, which are defined on a tessellation M approxi-
mating the manifold. The tessellation consists of N nodes and T triangles.
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5.3.1 Optical Flow Equation

The FEM aims at approximating continuous (and possibly more regular)
functions by n-degree polynomials on each elementary triangle of the tessel-
lation. In the scalar case, we may define N functions:

w; :pEMr—R

which are continuous piecewise affine, with the property to be equal to 1 at
node 7 and 0 at all other triangle nodes. They are the basis functions for the

approximation on the vectorial functional space of finite dimension N.

In the vectorial case, we want to define a similar approximation method.
As suggested in Sect. 5.2.2, vector fields may be considered through two differ-
ent mathematical viewpoints. In [12], the question is raised and an analogy
to finite elements is found for differential forms, that is the Whitney ele-
ments. These latter have been mainly used in electromagnetism so far but
also in very recent developments in advanced visualization applications [44].
We have not chosen this representation though because it is slightly more
computationally demanding than our alternative since the dimensionality of
the problem would be augmented by 27" and the velocity fields obtained at
each triangle would not exactly “live” in the tangent bundle of M.

We rather consider the vector space of continuous piecewise affine vector
fields on M which belong to the tangent space at each node of the tessellation.
A convenient basis is:

W, (i) = wieq(i) for 1 <i < N, a € {1,2},

where e, () is some basis of the tangent space at node 3.
The variational formulation in (5.7) yields a classical linear system:

N 2
VivB e {1,210 a(Wali), Ws(5))Vali) = F(Ws(j),  (5.16)

i=1 a=1

where V,, (i) are the components of the velocity field V in the basis W (4).
Note that a(Wq (i), Ws(j)) and f(Wp(j)) can be explicitly computed with
first-order finite elements by estimating the integrals on each triangle T' of
the tessellation and summing out the corresponding contributions. V[ is
obtained in practice on each triangle T' = [i, j, k] from the linear interpolation:

Vml =~ I(i)vai + I(j)vaj + I(k)Vka.,

with
h;
| hy |12

where h; is the height of triangle T from vertex 1.

VTwi = (5.17)
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T 1N; : normal at node i

!

tangent plane K

ni,j,k : normal of triangle i,j,k
‘I i hi : height from i
i k !

Fig. 5.1 Illustration of local computations and associated definitions from FEM on a
surface mesh (5.17)

Temporal derivatives are discretized with finite differences

1 ) — I, (¢
ourtoy = O,

Let us define P, (i) as the projection operator onto the local tangent plane,
which is obtained at node i by estimating the local normal n as the sum of
normals of each triangle containing ¢ (see Fig.5.1). For each i, e, (7) is chosen
as a basis of the kernel of Py (7). The Christoffel symbols I‘fj vanish in our
discretization with first-order finite elements since the e, (i) are variationless
on each triangle.

Finally, we need to compute integrals of the basis functions:

A i = j
=J
wiw; =
/T o { AiT) if i j
Hence we obtain the following discretized expressions:

a1 (Wa (), Ws(1)) = > (Vaul - eald) (Vaul - 5(7) / wiwg;  (5.18)

T3i,j T
. . : , h; h; .
(Wl Ws(7)) = 3 (eal) ) (o e ) AT (519)
F(Wali) = — 112 S (eali) - Voud) (20,1(6) + AL () + I(k)).  (5.20)

T>i
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5.3.2 Pure Advection Equation

Our approach to discretization uses a time-marching technique, which was
first proposed in [10]. From the variational formulation, we know that an
approximate solution I(p,t) satisfies the spatiotemporal constraints on each
temporal interval [ty, tx+1] C [0,77], that is for all J:

/ "B s =0, (5.21)

tk
Following [10], we introduce two functions for linear temporal interpolation:

b1 — ) t—tg

a(t) = = .
tk+1 — Tk

oty — e

Hence I(p,t) is decomposed on the basis functions for t € [tx, tx41]:
N
I(p,t) = > wi(p) [Lika(t) + L k1b(t)]. (5.22)
i=1

With a proper choice of test functions (b()w;(p)), which are null at t = ¢,
(5.21) yields a linear system:
[M]k[I]k+1 + [N]k[I]k =0, (5.23)
with:

[M]y, = ( /t . b(t)2@(wi,wj)dt> [Nl = ( /t A a(t)b(t)@(wi,wj)dt> ,

)

and [I]j is the vector of coordinates I; j, at time ¢j.
From a computational point of view, [M]; and [N]; may be simply ex-
pressed from three kind of integrals, related to ¢1, ¢2 and ¢s:

/wiwjd/l/\/u/ wig(vaij)dMM
M M
/M 9V rmwi, V)g(V pmwj, V)dppy,

These three integrals may now be discretized on each triangle of the tessel-
lation in the same way as for (5.18), (5.19) and (5.20).
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5.3.3 Vectorial Diffusion

Using FEM discretization, (5.9) yields the differential equation:

oV]

6] 5,

+ [A2][V] =0, (5.24)
where [G] and [As] are the matrices associated to the bilinear forms
S 9(V, W) and ay; [V] are the coordinates of V.

The temporal approximation of this equation is achieved with an implicit
upwind scheme which is unconditionally stable [1]:

GI(IVIker = VIe) + [A2][V]es = 0.

Thus each iteration of the diffusion process readily implies a matrix inversion:

Vieer = (161 +[42]) [GIVIi. (5.25)

5.4 Simulations

We address the quantitative and qualitative evaluation of optical flow and
advection equations with simple and illustrative simulations on a selection of
surfaces. More precisely, we propose to link these two equations in order to
assess the quality of the new methodology introduced here.

Knowledge of the true displacement field is a major issue when evaluating
the accuracy of the optical flow. On an Euclidian surface, the velocity field
is the same for each point on a translating object. However it has no sense
anymore for a skew surface since two different points do not share the same
tangent space.

Hence we proceeded in four complementary steps: (A) a constant vec-
tor field in time was designed which enabled (B) to advect a scalar field in
a second step; (C) we were therefore able to compute the optical flow of
this evolving scalar field and to compare it with the original velocity fields.
Step (B) allows to measure the quality and accuracy of advection processes
whereas step (C) is the appraisal of optical flow estimation.

Specific quantitative indices will be defined further below as they strongly
depend on the objects — scalar or vector fields — to be evaluated.

5.4.1 Definition of Simple Vector Fields

We first define a time-constant vector field on a surface. We use the vecto-
rial heat equation from Sect.5.2.5 and stop the diffusion process when the
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Fig. 5.2 A smooth vector
field is readily obtained by
diffusing the vector shown
in red using (5.8), yielding
the vector field in green
once magnitude
normalization was applied

vector fields is considered as being sufficiently smooth. Figure 5.2 shows a
regularized and normalized vector field where initial conditions are shown in
red. For illustrating purposes, we used a mesh of a left cerebral hemisphere
with 62,406 triangles and 31,189 vertices, which were slightly smoothed for
display purposes. The black (resp. grey) stripes correspond to regions where
the scalar curvature is strong (resp. weak).

5.4.2 FEwvaluation of the Advection Process

We now evaluate the accuracy of the discretization approach of the advec-
tion equation introduced in Sect.5.3. In that purpose, we introduce several
quantitative measurements:

(1) Global intensity:

1)~ [ 10,00 (5.26)

which is theoretically supposed to be constant with time when originating
from an advection process (mass conservation law).
(2) Maximum of intensity:

Ing(t) = max I(p,t). (5.27)

pEM

(3) Ly norm:

212, = \/ /M Iz, t)2dpuy. (5.28)
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First a simple example is illustrated and consisted of the transport of a
Gaussian activity pattern on a sphere by a velocity field defined — using
cylindrical coordinates — as e, = (—sinfsin ¢, sinf cos ¢, 0). This allows to
test precisely for the accuracy of the FEM discretization since the solution of
advection equation is analytical in this case: it is a rotation of the intensity
at the initial time. The spherical surface envelope was composed of 2,562
vertices and 5,120 triangular faces.

As shown Fig. 5.3 (bottom row) and as predicted, the global intensity is
properly conserved along the time. However, the maximum of the numerical
solution decreases gradually from time step 1 to time step 100, which logically
induces an increase in the spatial extension of the patch area. Further, the
relative error in Lo norm between the predicted and theoretical intensity
distributions may be evaluated and shown also Fig.5.3 (bottom row). This
reveals a slow increase of this error from 0% to 30% at time step 100.

We also detail another simulation in a less canonical case where the the-
oretical advected patterns are not known a priori (Fig.5.4). Advection of

t=100

Conservation of intensity T
""" Maximum of intensity

0.6 — — Error h
04 b
A N -~ d

02} ~ /'\/\\// ../\‘_// ~ — i

/ \_7
0 1 1 1 1
0 20 40 60 80 100
Time steps

Fig. 5.3 Advection of a Gaussian shaped activity pattern on a sphere. Top row: a
Gaussian patch is transported onto a spherical surface under a velocity field (shown in
green, left). Center and right: the patch is being transported and snapshots are shown at
time steps 50 and 100. Bottom row: variations in time of three evaluation indices are plot-
ted. Global intensity 7 is constant across time. The Lz norm of the difference of analytical
and numerical solutions (dashed line) increases whereas the maximum of intensity (dotted
line) decreases
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t=50 t=100

t=1
t=200 t=300 t=400

& & W

B
0 02 04 06 08 1

Fig. 5.4 Advection of a constant patch on the cortical mesh: ¢ = 1 shows the initial state
of the intensity patch that will be propagated through the velocity field of Fig. 5.2. t = 50,
100, 200, 300, 400 show the resulting transported intensity distribution at corresponding
times

a constant patch was performed via the velocity field from Fig. 5.2 on the
smoothed cortical surface. The corresponding displacement of patches is qual-
itatively fair though conservation of global intensity is not observed anymore
on Fig.5.5. Besides, we observe on Fig.5.4 and quantitatively on Fig.5.5
that the spatial extension of the advected patch tends to be smoothed with
time.

This phenomenon results from a diffusion effect which is well-known in the
numerical discretization of hyperbolic equations. Several strategies could be
investigated to limit this diffusivity such as: higher-order FEM, regularization
schemes using L; norm or other conservative models [11], but this would reach
far beyond the scope of this study.

5.4.3 FEwvaluation of the Optical Flow

We have previously described how to advect scalar quantities in a velocity
field. Likewise, given the evolution of some scalar intensity, we aimed at
retrieving the velocity field which had engendered this evolution. In that
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Fig. 5.5 Left: different sections of intensity patches at time ¢t = 1, 50, 100, 200, 300. The
corresponding surface areas are evaluated from the number of nodes from the center to the
outside. Right: variations of the global intensity and the maximum of intensity as defined
in (5.26) and (5.27)

purpose, we estimated the optical flow of the sequence of intensities obtained
from the advection in Sect.5.4.2, and compared it to the original velocity
field from Sect.5.4.1.

Most optical flow techniques refer the angular error (AE) between the true
velocity field V and the estimated optical flow V rather than a RMS or Lo
norm error in order to prevent from errors at high speed to be amplified [6].
We have adapted the angular error index originally introduced in [6] following:

AE(V,V) = arccos ( g(V,\/f\) ) (5.29)
VIV

AE provides a simple evaluation index as well as a quantitative criterion
to adjust the regularizing parameter A in (5.3). In some preliminary work,
we have set A = 0.1 [29].

From a qualitative point a view, Fig. 5.6 shows the estimated optical flow
superimposed to the moving intensity patterns at four time instants. Vectors
whose norm was larger than 0.1x the maximum of the norm in the vector
field are displayed. We observe effects from the diffusion caused by the regu-
larization term in (5.3), since the displacement field does not strictly vanish
outside the three Gaussian patches. However the global optical flow is qual-
itatively directed along the proper orientations, following the displacement
of the patch along the surface. We note that the average angular error on
Fig. 5.7 remains constant across time and seems to be independent from the
local surface curvature.

We therefore conclude that the discretization approach we have taken is
satisfactory for a wide range of applications and could be readily enhanced
using the technical improvements we have mentioned above.
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Fig. 5.6 Optical flow (in green) computed at steps 1, 100, 200 and 400 from the displace-
ment of intensity patches on the rabbit mesh. Centroid of patches at several time instants
are plotted in blue

—Angular error
- -Mean curvature

LS ]
o

15

Angular error (degree)
=

L]

(=]

Time

Fig. 5.7 Mean angular error (AE) between the original velocity field and its optical flow
estimate (in black, with the sample standard deviation error in shade of gray). The local
surface curvature by the centroid of the moving patch is superimposed in arbitrary unit
using a gray dashed line
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5.5 Application to Time-Resolved Brain Imaging

Here we used our framework for optical flow estimation on data from a simple
experimental paradigm, where elementary propagation patterns are likely to
occur onto the brain surface. The experimental paradigm dealt with visual
stimulation consisting of expanding checkerboard rings at 5 Hz presented to
the subjects for 2.5s (see Fig.5.8). The cortical activities are obtained after
brain signals were band-passed around the stimulation frequency (3-7Hz)
and processed using a regularized minimum-norm estimator (BrainStorm
software: http://neuroimage.usc.edu/brainstorm), to obtain an estimate of
the neural currents distributed on the individual cortical surface of the sub-
ject [4].

The corresponding displacement fields were computed from (5.16) on a
triangulated mesh of the cortical envelope consisting of 10,000 nodes. For
illustration purposes, we have restricted our investigations to a large part of
the left visual cortex as shown Fig.5.8. We then performed the advection

A B C D

I ~ | ™ ~ 3 £~ -
450 500 550 < % 600 ~ 650
Time (ms)
------- A:513ms
c 05 B:561ms
B C:577ms
g 9 D:610 ms
(8]
05" ---Prediction
[ 90% of the random distnbution
= Mean of random comelalions
o 20 a0 80 80 100
Time {ms)

Fig. 5.8 First row: visual stimulus used during the MEG experiment. This latter con-
sisted of expanding checkerboard rings at the frequency of 5 Hz. Each cycle was composed
by the four successive images shown, each being displayed for 50 ms [17]. The time line
below indicates the succession of images after stimulation started at 0 ms. Two views of
the subject’s cortical surface are shown. The region of interest (ROI) consisted of a large
part of the left visual cortex (colored in yellow). The correlation coefficients (dashed line)
between brain activations in the ROI and the predicted ones through advection with the
displacement field obtained from A (513 ms) to C (610 ms) are also shown. Random fluc-
tuations for correlations were obtained from 314 displacement fields computed during the
prestimulus period and applied to the same initial condition. The sample distribution of
such random correlations is shown by the gray area representing 90% of the distribution



5 Estimation of the Optical Flow on Arbitrary Surfaces 223

a (513ms)

r=0.999
b (561ms)

r=0.895
C (577ms)

r=0.589
d (s10ms)

r=-0.514

Fig. 5.9 Left: real cortical activities on the left visual areas and corresponding dis-
placement fields in green. Right: activities modeled through unsteady advection with the
displacement field of estimated activities of the left

of neural activity from 513 to 610ms using the previously computed vector
field. Figure 5.9 compares the real neural activities vs. the ones “predicted”
from advection. For visualization purposes, activities have been thresholded
at 30% of the maximum activity (likewise for the optical flow: at 10% of the
maximal vector magnitude).

Finally, the graph on Fig. 5.8 evaluates the relevance of our methodology to
identify propagation patterns from time-resolved imaging of brain activations.
The dashed line indicates the Pearson correlation coefficient C(t) between the
real data I(p,t) and the predictions I(p,t) during 97 ms, whereas the black
line represents an index of random fluctuations. In order to obtain this latter
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index, displacement fields V (p, t;) with t;, € [—0.5,0]s were computed during
the prestimulus baseline period (314 samples) during which the activity of
the brain would be considered as irrelevant to the subsequent brain response
during visual stimulation. Next, the neural activity at 513 ms was used as the
initial condition of 314 successive advection problems whose vector fields were
V(p,t—tx) with k € [|1,314|]. This yielded k advected activities Iy (p, t) with

~

Ii(p,0) = I(p,0.513) = I(p,0.513), which could be compared to real data in
terms of the same correlation index. Hence we obtained 314 coefficients Cj (t)
for each ¢ € 510 + [0, 97 ms|, from which the 90% confidence interval of the
associated distribution could be deduced (gray area on Fig.5.8).

Results show that correlation between the advection model and real data
reached above the 90% level during more than 40ms before returning to
the level of random fluctuations 64 ms after initialization. This suggests that
the evolution of MEG activations may be described in terms of propagation
during a relatively long time period regarding the time scale of the brain in
action. These results are in line with the spatiotemporal modeling of MEG
proposed in [27].

5.6 Conclusion

This chapter was motivated by two point of views on time-resolved imaging
of brain activity. The first viewpoint is essentially pragmatic: there is a need
to extract some relevant information in the course of brain responses with
minimum subjectivity and arbitrariness. The second motivation is essentially
driven by the necessity to bridge predictions from computational models of
the working brain with experimental evidence.

Though this contribution has essentially focussed on the technical aspects
of a new set of tools derived from the optical flow, we think these later open
exciting perspectives in response to the early motivations of this chapter.
The robust definition of a vector field on the intricate cortical surface brings
a dynamical index of supplementary interest to the classical measure of in-
stantaneous activation levels in terms of amplitudes. We have shown how the
surface vector field may be utilized in the technical framework of advection
to infer on the stability of brain activity.
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